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1. Introduction

Since its discovery in the late 1970s, the Szemerédi Regularity Lemma has been a powerful tool in modern graph theory.
Roughly speaking, this déep result from [1] provides a decomposition of every large graph into bipartite subgraphs most of
which are e-regular pairs. Thus, naturally, there has been a growing interest in studying the properties of such graphs (see,
e.g., [2-9]).

The goal of this paper is two-fold. First, in Section 3 we broaden our knowledge on e-regular pairs by determining the
minimum degree of vertices that guarantees small diameter. It is quite easy to show (cf. Observation 3.1) that in an &-
regular pair of order 2n and density d > ¢ every two vertices of degree at least en are connected by a short path. However,
our main result in this direction (Theorem 3.5) shows that this bound can be replaced by a quantity of order (s2/d)n, which
is essentially optimal.

The other result proved in this paper deals with graph decomposition into subgraphs of small diameter. Such
decompositions have a potential application in distributed computing (see, e.g., [10]). Here we approximate a given graph
by a union of subgraphs with small diameter. It is easy to prove (cf. Proposition 4.1), that for every y > 0, the set of all but
at most yn? edges of every n-vertex graph G can be split into no more than 1/y subgraphs with diameter bounded from
above by 3/y.In Theorem 4.5, using the Szemerédi Regularity Lemma, we push the diameter down to four at the cost of an
increase in the number of parts of the decomposition.

Similar results for quasi-random 3-uniform hypergraphs have been proved in 44}

2. Preliminaries

Let G = (V, E) be a graph. For Eg C E we denote by G[Eq] = (Vy, Eg), where V, = UeeEO e, the subgraph of G induced by
Eo. Note that G[Ey] does not need to be an (vertex) induced subgraph in the usual sense.

By dists(x, y) we denote the distance of vertices x, y € V, that is, the length of a shortest path connecting them, if such a
path exists. Otherwise we set distg(x, y) = oo. By the diameter of G we mean diam(G) = maxy yev distg(x, y). In particular,
if G is not connected, then diam(G) =
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For A C V, let N(A) be the set of all vertices adjacent in G to at least one vertex in A. In particular, if A = {v} we write
N(v). The number deg(v) = |[N(v)| is the degree of vertex v in graph G. The minimum vertex degree is denoted by §¢. In
Section 4 we will use the inequality

. 31|
diam(G) < —, (1)
3¢
valid for all connected graphs G. To verify (1), note that if P = wvgv; - - - vy is the shortest path between two vertices of
distance diam(G) = k then the vertices v, vs, . .. have disjoint neighborhoods.
For two disjoint, nonempty subsets U, W of V, we define

ec U, W)= {{fu,w}:uelU,weW,{u w}eE}
and
eq(U, W)
uiw| -

The number dg(U, W) is called the density of the graph G between U and W, or simply, the density of the pair (U, W).
In the remainder of this section let G denote a bipartite graph with bipartition V' = V; U V;. A simple averaging argument
yields the following fact.

de(U, W) =

Fact 2.1. If dg(Vq, Vo) < d (resp., dg(V1, Vo) > d), then for all natural numbers €1 < |Vq| and €, < |V;| there exist subsets
UcCcV, U =£4yand W C V,, [W| = £, withdg(U, W) < d (resp., dg(U, W) >d). ®

Now we define a central notion of our paper.

Definition 2.2. Given ¢ > 0, G is called e-regular if there exists d > 0 such that for every pair of subsets U C V; and
W C V,, where |U| > ¢|Vq], |[W]| > ¢|V;|, the inequalities

d—e<de(U,W)<d+e (2)
hold. We will then also say that G, or the pair (Vy, V3), is (d, ¢)-regular.
Note that each e-regular graph is ¢’-regular for all ¢’ > ¢.

The last definition of this section deals with pairs of subsets of vertices with no edge in between.

Definition 2.3. A pair of sets U C V; and W C V, with eg(U, W) = 0 is called a hole or a (|U|, |W|)-hole in G. A bipartite
graph G is called {£1, £,}-holeless if there is neither an (£1, £;)-hole nor an (¢;, £1)-hole in G.

Note that it follows from the definition of e-regularity that if ¢ < d and |V;| = |V5| = n then each (d, ¢)-regular graph is
{[en], [en]}-holeless. However, it is proved in [12], that even much smaller holes are forbidden.

Lemma 2.4 ([12], Theorem 2.1). For all 0 < d < 1 there exists gy such that forall0 < ¢ < ggand 0 < B < %‘Z’S)
there exists ng such that for alln > nq

<o

(i) every (d, e)-regular bipartite graph G with |V1| = |V,| = n'is { lan], lan]}-holeless.
(ii) there exists a (d, )-regular graph Go with |V,| = |V,| = n containing a ([n], [Bn])-hole.

3. Short paths between vertices of sufficiently large degrees

This section is devoted to the problem of what minimum degree of vertices in an e-regular graph guarantees a small
diameter. As a starting point recall an old result from [13] which says that almost all balanced bipartite graphs with density d
have diameter three. Although an e-regular pair resembles a random bipartite graph, in general nothing can be said about its
diameter, because it may contain isolated vertices. On the other hand, the absence of ([en], [en])-holes implies immediately
the following observation.

Observation 3.1. For all ¢ < d, in every (d, ¢)-regular balanced bipartite graph of order 2n every two vertices of degree at least
en are connected by a path of length at most four. =

Below we first improve Observation 3.1 by relaxing the degree assumption to, roughly, (2e3/2/ /d)n (Corollary 3.4), and
then we show that degrees at least, roughly, (¢?/d)n yield paths of length at most five (Theorem 3.5). Moreover, both these
results are, in a sense, sharp.

We first examine the relation between the existence of short paths and the absence of large holes in bipartite graphs. In
what follows we consider only balanced bipartite graphs G = (V; U V5, E) in which |V;| = |V,| = n for some n, but similar
results can be also obtained for unbalanced graphs (see [12]).

Please cite this article in press as: ]. Polcyn, A. Rucinski, Short paths in e-regular pairs and small diameter decompositions of dense graphs, Discrete
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Wi

W

N(N(v)) N(N(w))

Fig. 2. A path from v to w of length four.

Vo

Vi
v

N(N(v))

Fig. 3. The path from v to w of length five.

Proposition 3.2. Let ¢, ¢’ > 1 and G be an {£, ¢'}-holeless balanced bipartite graph. If deg(v) > ¢ and deg(w) > ¢/, then
distg(v, w) < 4.

Proof. Without loss of generality we may assume that v € V;. Consider first the case when w € V,. By the assumption we
have [N(v)| > ¢ and [N(w)| > ¢/, and therefore, due to the absence of (¢’, £)-holes, there exists an edge e = {x, y} with
x € N(v) andy € N(w). Thus, vertices v, x, y, w form in G a path from v to w of length three (see Fig. 1).

Assume now that w € V;.1f£+£' > nthen there exists u € N(v)N(w) and vuw is a path of length two. Otherwise, since
Gis {¢, £'}-holeless, IN(N(v))| > n— ¢ and similarly IN(N(w))| > n— £. Consequently, there exists u € N(N(v)) "N(N(w)),
and there is a path of length at most four between v and w (see Fig.2). B

At the cost of increasing the upper bound on the lengths of the paths by just one, we may forbid holes with just one side
[arge, while keeping the degree threshold at the level of the smaller side of the forbidden hole.
Proposition 3.3. Let 1 < ¢ < n/2 and G be an {{, [n/2]}-holeless balanced bipartite graph. If deg(v) > ¢ and deg(w) > ¢,
then distg (v, w) < 5.
Proof. Since Gis {¢, [n/2]}-holeless,
min {{[N(N(v))|, INN(w))|} > n— [n/2] = [n/2].

Consider first the case when v € V; and w € V5. Since ¢ < [n/2], there must be an edge between these two sets yielding a
path of length at most five (see Fig. 3).

When v, w € Vi, we have N(N(v)) N N(N(w)) # @, and consequently there is a path of length at most four between v
and w (see Fig.2). ®

Now we turn to the consequences of Propositions 3.2 and 3.3 for quasi-random graphs. In both, Corollary 3.4 and
Theorem 3.5 below, we silently assume that ¢ is sufficiently small with respect to d and n is a sufficiently large integer.

Please cite this article in press as: J. Polcyn, A. Ruciriski, Short paths in e-regular pairs and small diameter decompositions of dense graphs, Discrete
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In other words, we suppress the assumptions stated explicitly in Lemma 2.4 above. Note that part (ii) of each of the two
results asymptotically matches the bound given in part (i). Since the proofs of these results are quite similar, we only sketch
how Corollary 3.4 follows from Lemma 2.4. On the other hand, we give a self-contained proof of Theorem 3.5.

A

Corollary 3.4. Let 0 < 8 < %‘E‘Z’E) <a.

(i) Let G be a (d, €)-regular balanced bipartite graph with 2n vertices. If
min {deg(v), deg(w)} > |an]

then distg(v, w) < 4. In particular, if §¢ > |an] then diam(G) < 4.
(ii) On the other hand, there exists a (d, €)-regular balanced bipartite graph Gy with 2n vertices containing two vertices v, w € V,
deg(v) = deg(w) = [Bn], with dist(v, w) > 5.

Proof. Part (i) follows immediately from Lemma 2.4 and Proposition 3.2 (with £ = ¢’ = |an|). To prove Part (ii), note that,
by Lemma 2.4 (ii), there exists a (d, ¢ + o(1))-regular graph with |V,| = |V;| = n — 1 containing an ([g8n], [Bn])-hole
between sets A C V; and B C V,. We add two vertices, v and w, and all the edges connecting v with the vertices of Band w
with the vertices of A. This way we obtain a new graph Gy with the desired property. B

It turns out that based on Proposition 3.3 one can decrease the bound on vertex degrees in Corollary 3.4(i) down to,
roughly, 2e?n/(d + ¢) and still get quite short paths. Again, the obtained bound is nearly optimal, namely there exist (d, ¢)-
regular graphs containing a vertex with degree only slightly smaller than 2¢?n/(d + &), which is disconnected from all
vertices other than its neighbors.

Theorem 3.5. Let 0 < 8 < ZL <a.

(i) Let G be a (d, €)-regular balanced bipartite graph with 2n vertices. If
min {deg(v), deg(w)} > |an]

then distg (v, w) < 5. In particular, if §¢ > |an], then diam(G) < 5.
(ii) On the other hand, there exists a (d, €)-regular balanced bipartite graph Gy with 2n vertices containing two verticesv, w € V,
deg(v) = deg(w) > [Bn], with dist(v, w) =

Proof. To prove the first statement, we will show that every graph G satisfying the assumptions is {|«n], [en]}-holeless,
much more than we need. This, by Proposition 3.3, will imply the thesis.

Suppose, for a contradiction, that there exist in G two subsets,A C V; and B C V,, with |B| = [en], |A| = [2¢|B|/(d+¢)]
and such that eg(A, B) = 0. Note that, for large n,

IVi\Al =n—|A] = en,

and by the (d, ¢)-regularity of G we have dg (V7 \ A, B) < d + €. Consequently, by Fact 2.1, one can find a subset W C V; \ A
of size |W| = |B| — |A| and such that dg(W, B) < d + ¢. Hence,
IW|[Bldc(W, B) ~ (IB] — |A])(d + &)

dc(AUW,B) = < <d+e—-2¢e=d-—c¢,
|BJ? |B|

a contradiction with the (d, ¢)-regularity of G.
To prove the second statement of Theorem 3.5, we will construct the graph Gy in two steps. First, we set

2¢?
d+e

and note that0 < y <e—B.LetG = (V;UV,,E)bea (d+¢&—y, y/2)-regular graph, where |V{| = n—[8n],|V;| =n—1
and n is sufficiently large. The existence of such graphs can be proved easily using random graphs (see [12]).

Then, we add to V; a set A of [Bn] vertices and a vertex w to V;, adjacent to all vertices of A, obtaining from G’ a new
graph Go. We claim that the graph Gy = (V; U V,, E), where V; = Vi UAand V, = V; U {w}, has the desired property. Since
Go[A U {w}] is an isolated star in Gp, we have dist(v, w) = oo forallv € V \ (AU {w}). Note that deg(w) = |A| = [Bn],
while, provided Gy is (d, )-regular, the degrees of most vertices v of Gy are at least (d — &)n > [fBn].

It remains to show that Gy is indeed (d, ¢)-regular. LetU C V,W C V,, |U|, [W| > en.SetU' = U\Aand W' = W \ {w}
and observe that [U’| > en — [Bn] > (y/2)|V;], and, for large n, |[W’| > (y/2)|V;] (see Fig. 4). By the (d + ¢ — v, y/2)-
regularity of G, for sufficiently large n, we have

e (U, W A eqg (U, W A
dey (U, W) = o ( ) + | lf o ( : )/+||
[UIW] [U]|W’|

Y= - B

1
=do(U,W)+0mnH <d+e¢e— 2v+ on MY <d+e,

Please cite this article in press as: ]. Polcyn, A. Rucinski, Short paths in e-regular pairs and small diameter decompositions of dense graphs, Discrete
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W

Vo

U

Fig. 4. Illustration of the proof of Theorem 3.5, part two.

and
|A| 1
de (U, W) > dg(U, W) 11— — 1-——
Go( ) = do( )( U] W]
dre—2y)(1=8)—om > @re—2p) (12247
> &£— = — =] —=0(n > & — - =
2)/ £ v d+e £
d+e) 4e 2y
=d— — 2 — LA d— ,
ety £ v d+8+ £ - ¢
because
4 2
4 +l<2§(d+8).
d+e¢ £ £

Note that the minimum degree of the graph Gy constructed in the second part of the proof is just one. However, there
exists an alternative construction of a disconnected (d, &)-regular graph with minimum degree equal, roughly, to £2n/(2d).

4. An approximate decomposition into few subgraphs with small diameter

This section provides two results about approximating a given graph by a union of subgraphs with small diameter. As a
consequence of Proposition 4.1 below, for a given ¥ > 0, we can split the set of all but at most y |V (G)|? edges of G into no
more than 1/y subgraphs with diameter bounded from above by 3/y. Then in Theorem 4.5, using the celebrated Szemerédi
Regularity Lemma, we decrease the bound on the diameter to four, at the price of increasing the number of subgraphs in
the partition. Thus, in a sense, every graph can be decomposed into a bounded number of subgraphs with small diameter,
provided a small set of edges and/or vertices can be ignored. The next result, which, in fact, yields a partition into vertex-
disjoint subgraphs, follows easily by removing sequentially the vertices of small degrees and applying (1) to each connected
component of the obtained subgraph.

Proposition 4.1. Let 0 < y < 1. The set of edges of every graph G = (V, E) with |V| = n can be partitioned into k 4 1 subsets,
E=EyUE U.--UE, wherek < 1/y and |Eg| < yn?, in such a way that for each 1 < s < k we have diam(G[E]) < 3/y.
|

In Proposition 4.1 both bounds, on the diameter and on the number of subgraphs G[E;], depend linearly on 1/y, and
thus grow to infinity when the precision of approximation, y, tends to zero. However, one can compromise on one of
these bounds, improving the other to the extent that it becomes independent of y. Indeed, using the Szemerédi Regularity
Lemma [1] and Corollary 3.4(ii), we will put the cap of four on the diameter, at the cost of letting the number of subgraphs
in the partition I/J\e an enormous constant. Before we make this precise, let us quote the Regularity Lemma.

Definition 4.2. Let0 < ¢ < 1,t be a positive integer, and let G = (V, E) be a graph. We call a partitionV = VoUV;U- - -UV;
e-regular, if |V1| = |V5| = --- = |V¢|, |Vo| < t, and all but at most ¢ (;) pairs (V;, Vj), 1 <i < j < t, are e-regular.

Theorem 4.3 (Szemerédi Regularity Lemma, [1]).Let 0 < & < 1and let ty be a positive integer. There exist integers N = N (e, to)
and T = T(e, ty) such that every graph G = (V, E) with |V| > N vertices admits an e-regular partitionV = Vo UV U--- UV,
withty <t <T.

In the proof of Theorem 4.5, we will also need a simple observation that for ¢ < d/3, every (d, ¢)-regular graph can be
approximated by a subgraph of diameter at most four. It can be easily proved by removing the vertices of degrees at most
2¢en and applying Observation 3.1 to the resulting subgraph.

Please cite this article in press as: J. Polcyn, A. Ruciriski, Short paths in e-regular pairs and small diameter decompositions of dense graphs, Discrete
Mathematics (2008), doi:10.1016/j.disc.2008.11.023
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Fact4.4. If 0 < 3¢ < d < 1thenevery (d, ¢)-regular balanced bipartite graph G with 2n vertices contains an induced subgraph
G such that |[E(G) \ E(G")| < 2en? and diam(G') <4. ®

Now we are ready to prove the main result of this section.

Theorem 4.5. Let 0 < y < 1. There exist positive integers K and N such that the set of edges of every graph G = (V, E) with
V| = n > N can be partitioned into k + 1 subsets, E = Eg UE; U ... UE;, where k < K and |Ey| < yn?, in such a way that for
each 1 < s < k we have diam(G[E;]) < 4.

Proof. Lete = y/5andty = [1/¢],and let N' = N’'(e, tp) and T = T(e, ty) be given by the Szemerédi Regularity Lemma
(Theorem 4.3).

SetK = (;) and N = max{T /e, N’} and let G = (V, E) be a graph with |V| = n > N. Apply Theorem 4.3 to G obtaining

an g-regular partitionV = Vo UV, UV, U--- UV, wherety <t <T.
Let F; be the set of all edges of G intersecting Vy. Then

|F1] <tn <Tn < eNn < an.

Let F, be the set of all edges of G contained in one of the sets V;,i =1, 2, ..., t. We have

n/t n?  n?
Bl<t(MWHY DD Y
2 2t 2t 10

Further, let F3 be the set of all edges belonging to the pairs (V;, V;) which are not e-regular. By the e-regularity of the
partition,

t\ /n\2
|F3| < e (7> < En2 = an.
2 t 2 10

Finally, let F4 be the set of all edges belonging to the pairs (V;, V;) with density d¢(V;, V;) < 4e. Then

t ny2 2
IFy| < 4¢ (f) <2em? = L2,
2 t 5

Consequently, setting Ej = F; U F, U F3 U F4, we have

Y o Y 2 Y 2, 2V 5 4 5
E/ nt 4+ nf 4+ —nf 4+ —n° = —yn°.
Bol < 5™+ 30" T 10" T s 57

Denoteby E/, 1 <s < (;) the sets of edges Eq(V;, V;) \ E; which are nonempty. Without loss of generality we may assume
that these are the sets E], ..., E;, where k < (;) < K. Note that the subgraphs G[E;] are (d, ¢)-regular for some d > 3e,
and thus, according to Fact 4.4, one can remove from each of them a set E? of edges,

=2 () = 3 ()
el=) ==y(-) .
ST t 57\t
such that diam(G[E, \ E?]) < 4. Altogether we have deleted a set Ej = | J_, E? of at most
t) 2 <n)2 1,
-y (=) < =yn
2)57\¢) =57
edges. Since
4 1
|Ey UEJ| < —yn* + —yn* = yn?,
5 5
we obtain the desired partition by setting Eg = Ej UEy,andE; = E,\E,1 <s <k <K. ®m

Note that the proofs of Proposition 4.1 and Theorem 4.5 both yield algorithms of complexity O(n?) which construct the
respective partitions. The latter is based on an O(n?)-time algorithm found in [14] which builds an s-regular partition in
every n-vertex graph. A
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