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UNIVERSALITY OF RANDOM GRAPHS*
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Abstract. We prove that asymptotically (as n — oo) almost all graphs with n vertices and

Cy n2_2_1d log% n edges are universal with respect to the family of all graphs with maximum degree
bounded by d. Moreover, we provide an efficient deterministic embedding algorithm for finding copies
of bounded degree graphs in graphs satisfying certain pseudorandom properties. We also prove a
counterpart result for random bipartite graphs, where the threshold number of edges is even smaller
but the embedding is randomized.
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1. Introduction. Given graphs H and G, an embedding of H into G is an
injective edge-preserving map f: V(H) — V(G), that is, for every e = {u,v} € E(H),
we have f(e) = {f(u), f(v)} € E(G). We shall say that a graph H is contained in G
as a subgraph if there is an embedding of H into G. Given a family of graphs H, we
say that G is universal with respect to ‘H, or H-universal, if every H € H is contained
in G as a subgraph.

Consider the probability space of all graphs on n labeled vertices in which every
pair of vertices forms an edge, randomly and independently, with probability p. We
use the notation G, , to denote a graph chosen randomly according to this probability
measure; i.e., for any graph G on n labeled vertices and with m edges, P|G,,, = G] =

p"™(1—p) (3)-m. We say that G, , possesses a property @) asymptotically almost surely
(a.a.8.) if P[Gy € Q] =1 —o0(1).

The construction of sparse universal graphs for various families of graphs has
received a considerable amount of attention; see, e.g., [1, 2, 3, 6, 8, 10, 13, 18] and
their references. One is particularly interested in (almost) tight H-universal graphs,
i.e., graphs whose number of vertices is equal (or close) to maxpey |V (H)|.

In [6] it is proved that for all € > 0 and d > 0 there exists ¢ > 0 such that
a.a.s. Gpp, p=c/n,isT = T(d, (1—£)n)—universa1, where 7 is the family of trees with
(1 — &)n vertices and maximum degree at most d. (See [7] for a recent improvement
of this result.) In a related paper [11], the authors obtained an algorithm for finding
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354 DELLAMONICA, JR., KOHAYAKAWA, RODL, AND RUCINSKI

bounded degree trees in subgraphs of (n,d, A)-graphs; in particular, the result of [6]
is turned into an embedding algorithm. In this paper we study the universality of
random graphs with respect to the family of all bounded degree graphs.

Let d € N be a fixed constant, let H(n,d) = {H C K,, : A(H) < d} denote
the class of (pairwise nonisomorphic) n-vertex graphs with maximum degree bounded
by d, and let H(n,n;d) = {H C Ky, : A(H) < d} be the corresponding class for
balanced bipartite graphs.

By counting all unlabeled d-regular graphs on n vertices one can easily show that
every H(n,d)-universal graph must have

(1) M = Q(n*~2/%)

edges (see [1] for details). This lower bound was almost matched by a construction
from [2], which was subsequently improved in [3] and [4]. Those constructions were
quite special and do not resemble a typical, or random, graph with the same number
of edges. For that reason, in [1], the universality of random graphs was also studied.

For random graphs, slightly better lower bounds than (1) are known. Owing! to
the threshold for the property that every vertex should belong to a copy of Kg41
(see [15, Theorem 3.22(i)]), the expected number of edges guaranteeing H(n,d)-
universality of Gy, , must be at least n?~2/(@+1)(log n)l/(dgl), and similarly, by [15,
Theorem 4.9], it must be at least n>~2/(**1 for H(n, d)-universality of G(14c)n -
Similar bounds apply to the random bipartite graph G, », p.

N

In [1], it was proved that Gy, , p is a.a.s. H(n, n, d)-universal if p = cn~ 21 log®
and c is large enough and that G (14c)p,p is a.a.s. H(n, d)-universal if p = en~d logd n
if ¢ is large enough.

In this paper we prove two related results. The first one significantly pushes down
the edge density p guaranteeing the universality of Gy, p p.

THEOREM 1. For everyd € N there exists C such that if p = p(n) > Cn=?log'/?
n, then the random bipartite graph G, ,, p is a.a.s. H(n, n,d)-universal.

The second result, at the cost of increase in p, establishes a tight universality of
Gnp (and not of G(14.),,,) and provides, as opposed to Theorem 1, a deterministic
embedding.

THEOREM 2. For every d € N there exists C' such that if p = p(n) > C'n =/
1og1/d n, then the random graph G = G, is a.a.s. H(n,d)-universal. Moreover,
for any H € H(n,d), the embedding H — G can be constructed in deterministic
polynomial time.

Remark 3. Using the asymptotic equivalence between the two standard models
of random graphs [15, Corollary 1.16] one can deduce from Theorem 2 that almost all
graphs on n vertices with at least Cyn2= (29 log!/? n edges are H(n, d)-universal.

It would be interesting to establish the actual thresholds for the H(n,n;d)-
universality of Gy, ., , and the H(n, d)-universality of Gy, ;.

In this paper we restrict our attention to d > 2 since the case d = 1 reduces
to the threshold of containing a matching of maximum size (namely, a matching of
size |n/2]). It is well known [15, Chapter 4.1] that this threshold is p ~ logn/n.

The proof of Theorem 1 is based on ideas from [20] and [19]. The embedding
scheme used to prove Theorem 2 is inspired by the algorithmic version of the blow-
up lemma of Komlds, Sérkozy, and Szemerédi [17]. In their setting, they essentially

=

L Alternatively, we could use the threshold for the appearance of a Kg4yi-factor in a random
graph, which was determined by Johansson, Kahn, and Vu [16].
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UNIVERSALITY OF RANDOM GRAPHS 355

provided an algorithm to embed bounded degree spanning (bipartite) graphs into
super-regular, dense, bipartite graphs. In our setting, we deal with sparse random
graphs.

In section 2 we establish several typical properties of random graphs which imply
universality. The proofs of Theorems 1 and 2 are presented in sections 3 and 4,
respectively.

2. Properties of random graphs. In this section we establish properties of
random graphs which will then be shown to guarantee the universality property with
respect to bounded degree subgraphs.

We begin with some definitions.

DEFINITION 4. Given a graph G, a vertex v € V(G), and a subset ) # S C V(Q),
denote by G(v) the neighborhood of v in G and by

G"(S) = () Gv)
veS
the joint neighborhood of S in G. Moreover, we let G™(0) = V(G).
LEMMA 5. For alld € N, d > 2, and v,v > 0, if p > Cn~ /4 1og1/d n, where
cd > %, then the random bipartite graph G = Gy, n;p with classes U and W together

with a fized subset W' C W, where |[W'| > yn a.a.s. satisfies the following properties:
(i) For every AC U (or AC W) with |A| <d

(1 —v)pliln <|GN(A)] < (14 v)pliin.

(ii) For every U’ C U with |U'| > n/2 there are at most % vertices w € W such
that |G(w) NU'| < 5 1U'].
(iii) For every disjoint family F C (g) and a subset T C W', with |F| < (1 —
V)W, and |T| = |W'| — |F| > v|W’|, there exists a vertex w € T and a set
A€ F such that A C G(w).
Proof. The first two properties are obtained by standard applications of the
Chernoff inequality. Indeed, in (i), Z4 := |G"(A)| has a binomial distribution with
expectation EZ4 = npl4l > C4logn, and so

d

3 (Z) X P(|Za —EZ4| > VEZ4) = o(1)

a=1

for sufficiently large C'. To prove (ii) suppose that for some U’ there is a subset S C W
of 20/p vertices w € W with |G(w) NU'| < & |U’|. Then there are fewer than 10|U’|
edges between S and U’, while the expected number of such edges is 20|U’|. Thus,

P(1G(w) N1 < £ j7]) < exp{~L20[U7]} < exp{~5n}.

There are no more than 2" choices of U’ and n?%/? choices of S and so the probability
of the event opposite to that stated in part (ii) is o(1). We will now prove property (iii).

Let s,t > 1 be such that t > v|W’| and s + ¢ = |W’|. For some fixed disjoint
family F C (g) and T'C W' with |F| = s and |T| = t, the probability that there are
no pairs(w, A) € T x F such that A C G(w) is

(1 —ph)*t < exp{—p“st}.
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The probability that there is a disjoint family F C (%) and T' C W” failing (ii)
is at most

[W’|-1 / W' |-t
W'\ (U] Py
[*] == Z exp{—p“t(|W'| —t)}
t_,,w,'( ()
(2) < Zexp{(|W’| —t)logn + (|W'| — t)dlogn — p t(|W'| — t)}

< Zexp{(|W’| —t)[(d+1)logn — pt] }.

Observe that
p't > pw|W'| > Clvylogn > (d+ 2)logn,

and consequently [x] < Z;’LV}/II n=7 =0(Mn"1t) =o(1). 0
LEMMA 6. For alld € N, d > 2, and € > 0 there exists C > 0 such that if p >
Cn~1/d) logl/dn, then the random graph G = Gy, a.a.s. satisfies the following
properties:
(i) 6(G) > (1 — e)pn.
(ii) For every pair of sets A,B C V(G) with p|A||B| > 100e™3n there are at
least (1 — &)|B| vertices v € B such that

(1 —e)plA] < |G(v) NA] < (1 +€)plAl.

(ili) For every k < d, T C V(G) with |T| > /n and every disjoint family X C
(V(C,i)\T) with |X| > \/n, we have

(3) (1= pHTI1X] < [{(w, X) e Tx X : X € Gw)}| < (1+)p*|T]|X].
Proof. The first two properties are obtained by standard applications of the
Chernoff inequality. We will now prove property (iii).
Let k < d be fixed. For a choice of set T" and family X, the number of pairs (w, X)
being counted is a binomial variable with mean p*|T'||X|. By the Chernoff inequality,
the probability this variable deviates by more than ep*|T'| |X| from the mean is at most

exp{—cp®|T| | X[} < exp{—cp|T| | X[}

for a constant ¢ = c(¢).

On the other hand, the number of possible choices for 7" and the family X with
predetermined cardinalities t = |T'| and r = |X| (t,7 > /n) is at most (n?)"n! <
exp{d(r +t)logn}.

Since p?tr > max{C% logn, Clogn}, a large enough C' = C(d,¢) implies that

(4) eptr > 2d(r +t) logn.
Therefore, we have
d
Z P[(3) fails for T, X]
F=1T 3 |T|> V0 X | X[ >V
5 d
(5) < Z Z Z exp{d(r +t)logn — cpFtr}

k=1t>/mr>n

(4)
< dn® exp{—2d\/nlogn} = o(1).
Property (iii) then follows by the union bound. d
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3. Universality of bipartite graphs. In this section we prove a slight strength-
ening of Theorem 1. Given d,d € N, and a bipartite complete graph K, ,, with vertex
classes X and Y, | X| = |Y|=n, let

H(n,n,d',d)={H C K, , : degyy(z) < d for z € X and
degy(y) < dforyeY}.

THEOREM 7. For all d,d € N, 2 < d < d', there exists C such that if p =
p(n) > Cn~1/4 1og1/d n, then the random bipartite graph G, nyp is a.a.s. H(n,n,d’, d)-
universal.

Let H(n,n,d ,= d) be defined as H(n,n,d’,d) but with the additional condition
that all vertices y € Y have degree ezxactly d. Note that if n is sufficiently larger than
d', then for every H' € H(n,n,d’,d) there is an H € H(n,n,d + 1,= d) such that
H' C H. Thus, it suffices to show that G,, ., is a.a.s. H(n,n,d + 1,= d)-universal.

Let the two vertex classes of Gy, n;p be U and W, |U| = |W/| = n. For technical
reasons we will need a partition of W. A partition in which the cardinalities of any
two parts differ by at most 1 is called an equipartition. Let W =W, UWoU---UWp
be a fixed equipartition of W with

D :=dd +1.
Notice that for every ¢ = 1,..., D, we have
n n n
J> |2 o>
Wil 2 LDJ D 12 D+1’
where the last inequality holds for n > D(D + 1).
Let
1 —d 1
(6) V= 5(486) 5 Y= D——|—1’
and let C' > 0 be such that
cd > d+2

S
In particular, for our choice of p = Cn~1/4 logl/d n, Lemma 5 applies to Gy, p:p.
Further, let G be a bipartite graph that for each ¢ = 1,..., D satisfies properties (i)—
(iii) from Lemma 5 with W' = W;. We will show that G contains all H € H(n,n,d +
1,= d) as subgraphs, and consequently that G is H(n,n,d’, d)-universal. Theorem 7
will follow, since G, n;p a.a.s. satisfies properties (i)—(iii) from Lemma 5.

Let us fix H € H(n,n,d +1,=d). In order to avoid certain dependency issues
later in the proof, it would be convenient to assume that the d-element sets H(y),
y € Y, are pairwise disjoint. This is not true in general, but it is possible to partition
the set Y into finitely many subsets, each satisfying the above demand. A family of
pairwise disjoint sets will be called a disjoint family.

Consider the auxiliary graph

J =Y {uv : u,v €Y, disty(u,v) = 2})

and note that A(J) < dd’. Similarly as in [14] we apply the Hajnal-Szemerédi Theo-
rem [14] to J, thus obtaining an equipartition of V' (J) with D parts:

Y=Y U---UYp,
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FiG. 1. The idea of the proof of Theorem 7.

where each Y; is independent in J. Observe that by construction, for every i =
1,...,D, {H(y) : y € Yi} is a disjoint family of d-element sets. We renumber the
sets W; so that |Y;| = |W;| foralli=1,...,D.
To show that G O H, our strategy is to find a bijection 7w: X — U which can

be extended to an embedding f of H into G by selecting the images of vertices in Y.
More precisely, given 7, we will find a map f: X UY — U U W such that

° flx=m,

e f(Y;) =W, foralli=1,...,D, and, most importantly,

e forally e Y

m(H(y)) € G(f(y))-

Let m: X — U be a random bijection and let AT be the auxiliary bipartite graph
with classes Y; and W; containing as edges all pairs (y,w) € Y; x W; for which the
m-image of the H-neighborhood of y is contained in the G-neighborhood of w (see
Figure 1). Namely,

(7) BE(AT) = {(y,w) € Y; x W; : n(H(y)) C G(w)}.

Suppose that each AT, ¢ = 1,...,D, contains a perfect matching M, and set M =
Ui’il M;. Extend 7 to an embedding of H into G by letting, for everyy € Y, f(y) = w,
where (y,w) is the edge of M incident to y. We claim that such an extension is an

embedding of H into G.
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The extension f is clearly a bijection. It remains to show that f is also edge-
preserving. For an edge e = (x,y) € E(H), let i, be such that y € Y;,. By construc-
tion, (y, f(y)) € AT, which implies that 7(H (y)) C G(f(y)) and thus 7(x) € G(f(y)).
Consequently, (f(x), f(y)) = (7(x), f(y)) € E(G) and the map f is edge-preserving.

Therefore, in order to complete the proof of Theorem 7 it suffices to show the
following probabilistic lemma. (Notice that the graph G in that lemma is fixed and
the probability space in consideration refers to the random bijection 7.)

LEMMA 8. For everyi=1,...,D, if G satisfies the properties listed in Lemma 5
with W' =W, then the graph AT a.a.s. contains a perfect matching.

Proof. Let us fix an index 4 throughout this proof and set

m = |Y;| = [Wil.

Recall that
n n

- < -

D+1~ D—-1 dd
for n > D(D + 1), where D = dd' + 1. We will verify Hall’s condition in order to
establish the result. To simplify notation, for every V C V(AT) =Y; U W, we set

(8) NWV) = A ().

veV

m <

yn

It is well known that it suffices to show for some integer m’ > 0 that
e [N(S)| > |S| for all S CY; with |S| <m' and
o |[N(T)| > |T| for all T C W; with |T| <m —m'.

Set m’ = (1 — v)m and fix an arbitrary bijection m: X — U. Observe that
{m(H(y)) : y € Y;} is a disjoint family. For all S C Y; and 7' C W; such that |S| < m’
and |T| = m — |S|, property (iii) from Lemma 5 yields that setting Fs = {n(H(y)) :
yeS}C (g), there is (w, A) € T X Fg satisfying A C G(w). In particular, it follows
that for every m we have |[N(S)| > |S] for all sets S C Y; with |S| < m/.

In remains to verify that Hall’s condition holds a.a.s. for all sets T' C W; with |T| <
m —m’ = vm. We will divide this range of ¢ := |T| into two parts and prove the
following two statements:

(I) a.a.s. every T C W;, % <t <wv|W;|, satisfies |[N(T)| > t;
(I) a.as. every T C Wy, t < 130, satisfies [N (T)| > t.

Proof of (I). Let Y; = {y1,92,...,ym}. Consider a fixed set T C W, with
100/p <t =|T| < v|W;]. We will be partially revealing 7 by exposing 7(H (yx)) one
step at a time for k = 1,2,...,m. For convenience, set Hy := H(yy). Notice that if
m(Hy) C G(w) for some w € T, then (yx,w) € AT and thus y, € N(T).

Suppose that w(H;) has been exposed for all j < k. The set w(H}) is then a
uniformly chosen d-subset of Uy = U \ U, 7(H;) (see Figure 2). We have

|Ug| zn—mdzn—%zg.
Therefore, by property (ii) from Lemma 5,
1 20
9) ‘{wET:|G(w)ﬂUk|>§p|Uk|>%}‘>t—?>0.8t.
Let
G(w) N U
A= ( p )

weT
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\ &) 4

Fi1c. 2. Illustration to the proof of Lemma 8, case (I).

Note that y, € N(T) iff 7(Hy) € Ai. We are going to subdivide the range of ¢ even
further and assume first that ¢ < m.

CLAamM 9. Forallk=1,2,...,m andt < % we have

(12p)®”

def. t (pn/4
> = — .
|Ak| > Q 2( J )

Proof. By Bonferroni’s inequality, we have
|G(w) N Ug| |G(w) NG(w") N Uyl
> — .
A = 3 (1) > j
weT wH#w' €T
From (9) we conclude that

3 <|G(w)dm U’“') > 0.8t<p721/4>.

weT

On the other hand, using property (i) from Lemma 5 applied to sets with two
elements, we have

G(w) NG(w)] < (1+v)p*n < (3/e)p’n
for every w # w’. Therefore, using the standard estimates (M/1)! < (]\f) < (eM/1)!,

T (IG(w) n G;l(w’) n Ukl) < <;> <(3/e;p2n)

w#w' €T
1,/3pn\* 1, afpn/4
<= <= .
< 2t ( 7 ) < 2t (12p) J
1

Under the assumption that ¢t < 32y the above inequalities imply the claim. a
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For every k =1,2,...,m, let By C Ay be a fixed set with exactly @ elements (for
concreteness, take the lexicographically first @ sets of Ay ). Further, define

I, = ]I[?T(Hk) S .Ak] and J, = ]I[?T(Hk) S Bk].

Let

ZT = ilk and Zéw = iJk
k=1 k=1

Observe that since I, > Jj for all k,
Zr = N(T)| > Zp.

It is easy to see that the variables Jj, are independent and hence Z7. is a generalized
binomial random variable with mean

‘u/T_ ZT:Z |k\

k=1

@

By Claim 9 we bound

pimt - Cytlogn
2(4e)d = 2(4e)d

—1
(10) > mQ (Z) > > 16t logn

by our choice of C.
Applying Chernoff’s bound [15, Theorem 2.8] to Z/. yields

P[Z} < /2] < exp{—pur/8} < n ™

Therefore, by the union bound

100 1 w
P|th ists T, — <t < 7 < EL
l ere exists 7, p =S 2(12p) T> 2]
(11) 1/[2(12p)9] m
—2t
< > (Ve
t=100/p t=1

Hence, a.a.s. every T with % <t < gy satisfies

2(12
1
IN(T)| = 2 = Spg = 8tlogn > t.

Consider now a set T with (12 ya <t <wvm. Let Ty C T be an arbitrary set with
cardinality 2(12p)d. We have

0
IN(T)| = IN(To)| = Zn, = Z,, 2 —° = 1(doyd Lol = vm.

It follows that a.a.s. every T' with % <t < vm satisfies |[N(T')| > t and thus (I) is
proved.
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Proof of (II). Since in this case the sets T are small (i.e., t = |T'| < 100/p), we
will change our strategy and consider the inverse of the random mapping 7. Recall
that N(T') has been defined in (8) and v was defined in (6). Our aim will be to prove
that a.a.s.

n
2. 44

(12) IN(T)| > p® -t forall TCW;, t=|T|<

ASHES

This will also imply that a.a.s. all sets 7" with % <t< % satisfy

100

IN(T)| > p= L >t

g

WA >

To prove (12), we fix a set T = {wy,...,w:} C W; , t < %, and begin by
constructing a disjoint family N = { N, C G(wy) : k = 1,...,t} such that | Ny| = pn/2
for every w € T.

CrAM 10. There is a disjoint family N = {N, C G(wy) : k =1,...,t} such
that |Ny| = pn/2 for every k =1,... t.

Proof. We will construct the desired family using a simple matching argument.
A folklore corollary of Hall’s theorem states that if for some integer s

U 6| s

weT’

for every T" C T, then there exists in G a star-matching saturating T, that is, a forest
whose components are stars with s arms and centers at every w € T.

For any T" C T, property (i) from Lemma 5 and Bonferroni’s inequality yield
that

U G<w>}> Y 6w~ Y 6w nGw)

weT’ weT’ wH#w' €T’
(13) > 7|1~ v)pn — [T'P(1 + v)p*n
1
Z ipn |T/|7

where the third inequality holds by our assumption on t. The existence of family N
follows from (13) and the above mentioned corollary of Hall’s theorem. O

We will estimate |N(T')| from below by counting how many elements y € Y; are
such that for some k = 1,...,t we have H(y) C 7~ *(N}). Indeed, this containment
implies that

m(H(y)) € Nk € G(wy),

which by (7) means that (y,wy) € E(AT) and thus y € N(T).
For k=1,...,t set

Ri=|{y €Y : H(y) Cn ' (N)}.

Further, let RT = R = 22:1 Ry.. Since the family A is disjoint, |[N(T)| > R.
CraM 11. For a sufficiently large constant C', we have

(14) ]P’[RT < %(g)dm} <n %,
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Observe that (12) follows directly from Claim 11 and the union bound. Indeed,

P[HT :t=|T| <v/pand RT < %(g)dm}

v/p

< ; (T)n% < zn*f = o(1).

Therefore (II) will be established after we prove Claim 11.
Proof. Let I, = H[Rk > (%)dm} for every k, and let Z = 22:1 Ij.. Clearly,

P[R < %(g)dm} <P[Z <t/

For any a € {0,1}" we have

(15) Pl = ax for all k] = [[P[lk =ar | L = a1,..., Ir-1 = ar1].
k=1
We will show that
(16) Plly=0|L =a,...,Jr—1 =ap_1] <n°
regardless of the values ay, as, . ..,ar_1. Let |a| = Y5_ aj. In view of (15) and (16),

P(Z <t/2]= Y P =ay for all k]

a:lal<t/2

S Z n*G (t7|a|) S 2tn73t < n*?t'
a:lal<t/2

(17)

This proves that (16) implies (14). It remains to show (16).
To this end, the inverse of the random map 7 will be exposed in steps by reveal-
ing 771 (NNy) one at a time. For 1 < k <t let

k—1
(18) Xp=X\|Jr'(V;) and F. = {y € Y; : H(y) C Xi}.

By the definition of Fy, for every y € Y; \ F), we have H(y) N (X \ Xx) # (0. Since
by construction the family {H(y) : y € Y;} is disjoint, it follows that

Vi\ Bl <X\ Xi = (k- DB <22 <12 < 2
2 2 2 2

and thus |Fj| > m/2 (see Figure 3).

Suppose that 771(V;) has been exposed for all 1 < j < k — 1. In particular,
I, I5,..., I, are determined. We need to compute the probability that I, = 0
conditional on the exposed part of 7. In this conditional space, the set 7= 1(Ny) is
uniformly chosen among all &-subsets of Xj.

It will be convenient to switch to a different model where independent choices are
made for each vertex of X. Formally, consider a process which selects vertices of X}
independently with probability

_ _pn
721X

to form a random subset of X}, denoted by (X}),.
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Fia. 3. Illustration to the proof of Lemma 8, case (II).

To link the two random models, we use Pittel’s inequality [15, p. 17]. Let
P\
Q= {Sng H{yeYy: Hy) C S}y > (Z) m}

and notice that Ry < (%)dm is equivalent to 7~1(Ny) ¢ Q. Pittel’s inequality then
yields

P[Ik - o} :P[ﬁ’l(Nk) ¢ Q} < B@P[(Xk)q ¢ 9,

where all probabilities are conditional upon 7= *(Ny),..., 7 (Ng_1).
Let Qw = {y € Y : H(y) € (X&)q}|. Observe that Qy has a binomial distribution
with parameters |Fj| and ¢? and thus with mean

m /p\?¢
220
e = Eil gt = (5
since ¢ > £. Indeed, @y is the sum of indicator random variables I[H (y) C (X&)l
where y € Fj,. The independence of the variables stems from the fact that {H(y) :
y € Y;} is a disjoint family.
Finally, Chernoff’s inequality [15, Theorem 2.1] yields, for d > 2,

d

P[(Xk)q ¢ Q} = P{Qk < (%)dm} < P[Qk < %,uk} < exp{—;ZﬁL} <n’7

by our choice of C' and the fact that m > yn. Therefore, (16) holds and the claim is
proved. O

We have proved that both (I) and (II) hold and therefore Lemma 8 and conse-
quently Theorem 7 follow. O
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Fic. 4. An illustration of the definition given by (19).

4. An embedding scheme for bounded degree graphs. In this section we
prove Theorem 2 by providing a scheme that embeds any graph H with A(H) < d
and |V (H)| = n into any given graph G satisfying properties (i)—(iii) from Lemma 6.
Throughout the proof we assume that d > 2.

The embedding is done in two phases. It starts by embedding one vertex at a
time until almost all the vertices of the graph are embedded. The rest of the graph
is embedded by finding a perfect matching in some auxiliary graph. The first phase
is greedy (it never regrets a decision) but takes into consideration a few invariants
that guarantee that the embedding of the whole graph can be done. This structure
is quite similar to [17]. However, several differences and subtleties are inherent to the
sparse random graph case.

In the first phase we construct a sequence of partial embeddings fo, f1, f2, ..., [k
for some k > n — dzLJrl, where each embedding extends the previous by one vertex. In
the second phase all the remaining vertices are embedded in a single step.

Let G be a fixed graph satisfying properties (i)—(iii) from Lemma 6 with ¢ = e(d)
sufficiently small. Fix a graph H with A(H) < d and n vertices. Label the vertices
of H using the elements in [n] = {1,2,...,n} in such a way that for m = n—n/(d*+1),
the labels {m+1,m+2...,n} are assigned to 2-independent vertices, that is, every two
vertices are at distance at least 3 from each other. This labeling is indeed possible
since the graph J = H U H? has degrees bounded by d?. By Brooks’s theorem,
there is a proper (d? + 1)-coloring of J. Label some elements in the largest color class
with m+1,m+2,...,n. By construction, vertices with the same color are at distance
at least 3 from each other.

Before we describe the embedding, we introduce some notation. Denote by U;
the set of vertices of H which are not embedded by f;. Similarly, let V; be the set of
vertices in G’ which are not in the image of f;. Define I; to be a bipartite graph with
classes (Uj, V;), where for each € U; the neighborhood of «,

(19) I@) = 6" (£;(H@)\U;)) NV,

consists of all “candidates” for f;ii(x). More precisely, the set I;(x) consists of all
elements v € Vj such that mapping = to v produces a valid extension of f;. Indeed,
in order for the edges incident to x in H to be preserved under the extension, the
image of z must be adjacent (in G) to all vertices in f;(H(x) \ U;). See Figure 4 for
an illustration of the candidate set’s definition.

In view of (19), the neighborhood of a vertex v € V; is completely determined. In-
deed, z € I;(v) iff v € I;(z), which means that v € G"(f;(H (z)\U;)). Consequently,
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one must have f;(H(x)\ U;) C G(v). In particular, for every v € V,
(20) Liv)={zeU; : f;(H(z)\U;) C G(v)}.

The aim of the first phase is to produce an embedding f; which embeds enough
vertices of H so that Uy C {m+1,...,n} is 2-independent. The fact that the vertices
in Uy are independent in H implies that their images may be chosen independently
(they just need to be distinct for each vertex).

In the second phase we will find a perfect matching in I which will define the
extension of fi into a complete embedding of H into G.

4.1. Phase 1. In this section we introduce an induction hypothesis which is
maintained for each f;, j = 0,1,...,k. The induction step (embedding extension) is
introduced in section 4.1.1. The induction is formally proved in section 4.1.3.

INDUCTION HYPOTHESIS. For every x € U; we have

def. /D [H(@)\U;| n
(21) (@) = (@) < (£) e
Moreover, for every v € Vj, we have
an pn
(22) LIz ad (GE)NY| 2 2

The embedding fj is an empty map and since G" () = V(Q), it follows that Iy =
K (Uy, Vy), the complete bipartite graph with classes Uy = V(H) and Vy = V(G).
It is clear that (21) and the first part of (22) are satisfied for j = 0. Moreover,
since G(v) NVy = G(v), property (i) from Lemma 6 implies that the second condition
of (22) holds as well. In particular, the induction hypothesis is true for the base
case j = 0.

Let us now consider how the auxiliary graph I;; evolves from I;. Suppose
that fj41 extends f; by mapping x;11 — vj+1. For any o € Ujiq, the candidate
set Ij1q(x) satisfies

L)\ {vj41}  ifx ¢ H(zjqq),
(23) Ij(e) = {Ij(a:) NGjp1) if € H(xj).

Indeed, when z ¢ H(z;41) we have fj 11 (H(x)\Ujt1) = f;j(H(x)\U;) and since Vj 1 =
Vi \{vj4+1}, we infer by (19) that I;1;(x) = I;(z) \ {vj+1}. On the other hand, if z €
H(xj41), then fjp1(H(2)\Ujt1) = f;j(H(2)\U;j)U{v;41} and consequently I (z) =
1;(2) N Gluj).

Observe that every vertex v € Vj1 satisfies

(y) = Ii(0) \ {zjs1} if v e G(vjt1),
(24) Ij1(v) {Ij(v) \ ({z; 1} UH(z;11)) it v ¢ Gvj41).

Indeed, for every « € I;(v) with « € H(z;41) we infer by (23) that « € I (v) iff
v € G(vj41). In the case x € I;(v) with @ ¢ H(xj41), * # xj11, we have z € Ij 1 (v).

Notice that a vertex v may lose at most d + 1 neighbors after a single vertex
extension. Therefore, the only neighborhoods that ever shrink considerably are the
neighborhoods of vertices in H(zj11) N Ujt1.
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4.1.1. Induction step: Extending the embedding. Here we describe how
the embeddings are extended. We postpone the proof of the induction step to sec-
tion 4.1.3. A succinct description of the embedding scheme is stated as Algorithm 1.

Suppose that the partial embedding f; has been constructed (recall that fy is
an empty embedding) and satisfies the induction hypothesis. If the set U; is 2-
independent, we immediately end the first phase and execute Phase 2.

In each extension, we will look for vertices which are dangerously close to failing
the induction hypothesis. For this, we distinguish three cases in the extension. We
say that an extension is

H-critical if there exists a vertex « € U; such that |I;(z)| < 2¢;(x),

G-critical if there exists a vertex v € V; for which either |I;(v)| < pin/(4d°)

or |G(v) NV;| < pn/(2d?), and

normal otherwise.

In our analysis we will show that few extensions are critical (see Lemma 14). (If the
conditions for both H- and G-critical extensions hold, we use the convention that the
extension is H-critical.)

In an H-critical extension, we choose the vertex x € U satistying |I; (z)| < 2¢;(z)
with the smallest label to be embedded. We apply Lemma 12 to such x in order to
obtain v € Ij(x) and extend f; by setting # — v. In case the extension is normal,
take x € U; with the smallest label and use Lemma 12 to define the image of x.

If the extension is G-critical, we choose v € V; to be any of the vertices satisfying
either |I;(v)| < pin/(2d?) or |G(v) N'V;| < pn/(2d?). We apply Lemma 13 to the
chosen vertex v in order to find « € I;(v) and extend the embedding f; by setting
T .

Lemma, 12 asserts that for any vertex « € U; there is a candidate v € I;(x) which
ensures that no candidate set shrinks too much (see (23)).

LEMMA 12. For any x € U; there exists v € I;(x) such that

!/ p / p /
THCORICOIES AT e

for all 2’ € H(x)NUj.

Proof. We may assume that H(xz) N U; # (0 since otherwise the lemma holds
trivially. Let 2’ € H(z) N U; and consider the sets A = I;(2'), B = I;j(z) C V(G).
Notice that |H (x) \U;|, |H(2")\U;| < d—1 (since z, 2’ € U; are neighbors). It follows
by the induction assumption over f; that

P22/ n 2 i
p|A||B| > p(z) (472) > 100 ~n.
Applying property (ii) from Lemma 6 to the sets A, B we conclude that all but at
most ¢ |B| vertices v € B = I;(z) fail to satisfy |I;(z") N G(v)| > p|IL;(2")]/2.
Repeating the same argument for every element in H(x) N U; shows that there
are at most ¢ |I;(z)| |H(xz) N U;| < ed|I;(z)| vertices in I;(z) that fail to satisfy the
conditions of the lemma. Because of our choice of € < 1/d the lemma is proved. O
Lemma 13 asserts that for any v € V; there is some x € I;(v) such that extending
the embedding by x — v does not shrink any candidate set too much.
LEMMA 13. For any v € V; there exists x € I;(v) C U; such that |I;(z')NG(v)| >
pe;(a) for all 2 € H(x) NU;.
Proof. Suppose that the statement fails for some v € Vj. In particular, for each
vertex x € I;(v) there is some witness

(25) ' € H(x)NU; for which |I;(2")NG(v)| < pe;(a)).
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We assume that the induction hypothesis holds for f; and thus
(26) G(v) V| = pn/(4d®) and |I;(v)| = pPn/(8d°).

Let W be the set of all witnesses for v. Since a vertex 2’ € W can only be
a witness to a neighbor z € H(z'), and there are |I;(v)| choices for z, we must
have |W| > |I;(v)|/d. Let

W= {f;(HE)\U,) : o/ € W),

Observe that each witness ' has a neighbor in I;(v) C U; and thus the sets in W have
at most d — 1 elements each. We claim that every witness ' must have a neighbor
which was already embedded. Indeed, otherwise H(2') \ U; = () and, in view of (19)
and (21), this implies that I;(2’) = V; and c;(z') = n/4d?, which, by the induction
assumption, then implies

|17;(2") N G(v)] = |G(v) NV B pn/(4d*) = pe;(a’),

contradicting (25). We have thus shown that 0 ¢ W. We will now find a disjoint
subfamily X C W with

LA
- d4 - 8

in which every set has the same cardinality 1 < ¢ < d — 1. For this, take W* C W C
V(H) to be a maximal 2-independent set (with respect to H). The family W* =
{fi(H(@")\U;) : 2/ € W*} is disjoint by construction and, moreover, [W*| =

L= d';/:/_‘l. By the pigeonhole principle, there is 1 < £ < d — 1 such that at

least ‘W—_ll sets of W* have cardinality ¢. Let X C W* be the family of all /-sets
of W*. Clearly, |¥| > Bl > — WL~ [T,

Apply property (111) from Lemma 6 to T'= G(v) NV} and X. By averaging, there
exists some X € X for which #{w € T : X C G(w)} > (1—¢)p|T|. This is equivalent
to |G X)NT| > (1—&)p*|T|. Let 2’ € W be such that X = f;(H(2")\U;). Notice that
by (19), I;(2') = Gﬂ( )ﬂV} and hence I;(2")NG(v) = G"(X)NV;NG(v) = G"(X)NT
Since by (26) |T| > it follows that

X[ > =5

4d2 ’

LE) N6 2 0 - 2> 1 - ap(B) 5 > pes(a)

However this contradicts the fact that 2’ is a witness. 0

4.1.2. Bounding the number of critical extensions. We now prove that
most of the extensions are normal. An extension that is either G-critical or H-critical
will simply be called critical. For the proof we do not need to assume that the
induction hypothesis holds.

LEMMA 14. There are less than 2d>\/n critical extensions during Phase 1.

Proof. Suppose for the sake of contradiction that the Cth critical extension,
where C' = 2d®\/n, occurs when extending f;_; to f;. At each normal extension, the
embedded vertex is the one with the smallest label among all the vertices which have
not been embedded so far. In particular, all vertices with labels {1,2,...,J—C —1}
must have been embedded after f;_; was constructed and thus U;_; C [J — C,n].
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Observe that Uj_; is not 2-independent as otherwise Phase 1 would have ended
before f; was constructed. On the other hand, the set [n—dzLJrﬁ—l, n} is 2-independent
by our particular choice of labels for V(H). Consequently,

n

(27) J<n d2—|—1+C'
Since |Uy| = |Vy| =n — J, (27) implies that |U;| = V)| > 545 — C.

The lemma follows immediately from Claims 15 and 16 which bound the number
of H- and G-critical extensions respectively.

CLAIM 15. The number of H-critical extensions before f is at most d(d*+1)/n.

Let z1,...,2, € V(H) be the vertices which were embedded in H-critical ex-
tensions before f; was constructed. Let j; < J be such that z; was (first) embed-
ded by fj,. By the definition of an H-critical extension, |Ij,—1(z;)| < 2¢j,—1(zs).
Let Xi = fji_l(H(ﬂii) \ U'i—l) and notice that by (19), Iji_l(ﬂii) = Gm(Xl) m‘/ji—l D)
G"(X;) NV;. In particular

p) Xl n
4 4d2”

Notice that X; # ) since otherwise the above inequality implies that [V;| < 545 and
this contradicts the fact that |V;| > 2= — C.

21
IGN(X:) V| < |, 1 ()| < 2651 (x;) 2 2(

241
Now we will construct a disjoint family X C {X; : i =1,...,h}, where all sets
have the same cardinality ¢, 1 < ¢ < d, and |X| > m. To this end, we first

select a maximal set I C [h] for which {x; : ¢ € I} is 2-independent. Then we
take X C X1 = {X; : i € I'} to be a subfamily containing only the sets with the most
frequent cardinality in X7. Since X; is a disjoint family with |I| nonempty sets, it is
clear that

2 Xl >—=>—.

We thus have a disjoint family X" of ¢-sets in V(G)\ V; such that for every X € X,

IGNX)N V| < 2(§)€& < (g)ﬂm.

Since w € G"(X) iff X C G(w), we obtain

#{(w, X) Vi x X : X CGw)} =) |GNX) NVl < (p/4) Vsl |X].
Xex

Because |V;| > 2% — C' > /n, in view of property (iii) from Lemma 6, we conclude
that |X| < /n. Therefore, by (28) we have shown that h < d(d?® + 1)y/n, which
establishes Claim 15.

CLAIM 16. The number of G-critical extensions before [ is at most 2/n.

By the definition of G-critical extensions, if a vertex v € V(G) is the cause of the
G-critical extension from, say, fe to fr11 (¢ < J), then either

(1) pn/(2d?) > |G(v) N Ve| > |G(v) N Vy]| or

(D) 11(v)] < pin/(4d%).

Let B be the set of all vertices v € V(G) which caused G-critical extensions
before f; because they satisfy (I). Since

(1—5)p|VJ|2(1—E)p( r )>pn

2+1 242’
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every vertex v € B satisfies |G(v)NV;| < (1—¢)p|Vy|. By property (ii) from Lemma 6
applied to A = V; and B, we must have

100 3n

Bl < ——
1Bl PVl

=0(p~") = o(v/n).

Now consider any set T = {v1,...,v:} C V(G), t < C, of vertices that cause a G-
critical extension before f; because (II) holds. We will construct a disjoint family X
and use property (iii) from Lemma 6 to show that 7' must have fewer than /n
elements. Together with the upper bound on the size of |B|, the claim follows.

For every 1 <i <t, let j; < J be such that f;, is the first embedding in which v;
appears in the image. For such vertices, we have

pin/(4d®) > I, _1(vs)]

(29) D e € Ujr + f1(H(@)\Uji11) € Glv:))
>#{reUy : f;(H(x)\Us) C Gv)},

where the last inequality follows since Uy C Uj,—1 and therefore H(z) \ Uj,—1 C
H(z)\ U;. Moreover, we also conclude by (20) that every x € Uy with H(z)\ Uy =0
must be in Ij, _1(v;). In other words, for every i,

{CE eUy : H(:E) \ U;= @} - Ijifl(vi).

It follows that all but at most p?n/(4d®) vertices x € Uy are such that H(z)\ Uy # 0.
Next we are going to construct a disjoint family X C {f;(H(x)\Uy) : z € Uy}
where
(a) each set has the same cardinality ¢, 1 < ¢ < d,
(b) no set in X’ contains an element of T', and
(c) 1X] = (|Us] = p™n — td)/(2d°) > 5.
Let U} C Uy be the set of all vertices « € U; for which H(z) \ Uy # 0 and
fr(H(z)\Us)NT = 0—equivalently, = ¢ H(f;*(T)). There are at most p’n/(4d®) +
|H(f;1(T))| < pin+dt vertices in Uy \U. Let Us C U, be a maximal 2-independent
subset of U). Take X C X* = {f;(H(z)\Uy) : = € U} to be a family containing
all the sets having the most frequent cardinality in X*. Since t < C' = 2d3/n, it is
simple to check that such X is a disjoint family satisfying (a)—(c). By construction,

¢
#{(i, X) €T x X : X CGv)} <> #{x U« f5(H(x)\Uy) C Gv;)}
(30) i=1
(29 , n ©3,
- < = .
< T < 2T X
Since |X| > /n, in view of property (iii) from Lemma 6, we conclude that ¢t = |T'| <
Vv/n. Since the number of G-critical extensions before f; is at most |B| + [T, the
claim is proved.
Claims 15 and 16 contradict our assumption that there were C' critical extensions
before f; thus proving the lemma. O

4.1.3. Proof of the induction step. Since fj is an empty embedding, by (19)
the graph Iy is a complete bipartite graph with classes (Up = V(H),Vy = V(G)).
Moreover, property (i) from Lemma 6 ensures that every vertex v € Vj satisfies |G(v)N
Vo| = |G(v)| > pn/2. Consequently, the induction hypothesis holds for fo.
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Suppose that the induction hypothesis holds for fo, fi,...,fj—1, j > 1. The
hypothesis could fail for f; either because (21) fails for some x € U; or because (22)
fails for some v € Vj. Claims 17 and 18 imply that neither (21) nor (22) fails, thus
verifying the induction step.

CrAM 17. There is no vertex x € U; for which (21) fails.

Suppose that there is « € U; for which (21) fails, namely, |I;(x)| < ¢;(x).

Let ¢, 1 < ¢ < j, be the largest index such that f, extends f,—; by embedding a
neighbor z* of x. Such index exists as otherwise x would have no embedded neighbors
and this would imply that |I;(x)| = |V;| > ¢;(z). By construction, there are only two
ways in which a vertex of V(H) is embedded. For «* this means that either

(a) the image of x* under f; was chosen using Lemma 12 or

(b) o* was selected as the preimage f, ' (v) of a vertex v € V(G) using Lemma 13.
In case (a), Lemma 12 (applied with z < 2*, j - ¢ — 1) provides v € Iy_1(x™) for
which fe: 2* — v. Lemma 12 together with (23) ensures that

[Le(2")] = [Le-1(2") N G(v)] = (p/2)ce-1(a")

for all 2/ € H(z*) N Uyp_1.

In case (b), similarly to (a), we use Lemma 13 and (23) to ensure that |I,(z’)] =
[I;—1(z") N G(v)| > pee—q(2’) for all 2’ € H(z*) N U;—;1. In particular, because z €
H(z*) N U;_1, the conclusions hold for #' = x and thus in either case (a) or (b), we
have

P (21)
[e(2)] 2 See-1(z) 2 2ee(@).

Moreover, since no neighbor of z was embedded after fy, by (21) we have ¢y(z) =
cori(a) = o = ¢;(a).

In view of (23), we conclude that |I.(z) \ L11(x)] < 1 forall £ < r < j —1.
Since |I(z)| > 2¢;(x) and |Ij(z)| < ¢;(z), for some £ < r < j — 1 we have 2¢;(z) —
1 < |I(z)| < 2¢j(z). Consequently, |I,(z)|,...,|I;(z)] < 2¢j(xz). The vertex x is
a witness that every extension between the embeddings f,, fr41,..., f; is H-critical.
Indeed, during each such extension, some vertex with label smaller than z satisfied
the conditions for an H-critical extension.

Observe that

J—r 2 L@\ @) = L@)] - 1) > 2e(2) - 1) - ¢;(@) = ¢5() - 1.

Consequently, our assumption that z fails (21) implies that at least j—r > ¢;(x)—1 >
2d3\/n critical extensions occurred after f,.. This contradicts Lemma 14. Hence, no
such x € U; exists and the claim is proved.

CrLAM 18. There is no v € V; for which (22) fails.

Suppose that (22) fails to hold for f; because there is v € V; which satisfies
either |1;(v)| < pin/(8d°) or |G(v) N V| < pn/(4d?).

It is clear from (24) that for every £ < j,

(o1 ()] = [Le(v)| = o1 (v)] = (d+ 1).
Moreover, |V;—1 \ V| =1 for all £. Tt follows that for £ < j, we have

(31) [Le(v)] < L ()| + (d+ 1) = )
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and
(32) |Gw) N Vel < |G(v) N Vil + (G = 0).

Let ¢ < j be the largest index for which the extension from fy to fry1 was
normal. By the conditions for a G-critical extension, we have |I,(v)| > pin/(4d®)
and |G(v) NV,| > pn/(2d?). From (31) and (32), we have

[Le(v)] — |Z;(v)

j—ezmax{ 1) ',|G<vmve|—|G<v>mvj|}

(33)

d 415 I
p TL/( ) | j(v)| pn
> Z NVil .
max{ 1 o2 |G(U) j|

If |I;(v)] < pin/(8d°) we obtain j — £ > pin/[8d°(d + 1)] and if |G(v) NV;| <
pn/(4d?) we obtain j — ¢ > pn/(4d?). Either way, the fact that v fails (22) and the
definition of p imply that j — ¢ > p?n/(16d°®) > 2d3\/n. By the definition of ¢, at
least j—/ critical extensions occurred during the embedding process, which contradicts
Lemma 14. Therefore no such v € V; exists and the claim is established.

We have shown that the induction hypothesis must hold for f; and therefore the
proof of the induction is complete.

4.2. Phase 2. Suppose that fj is the partial embedding constructed in Phase
1. The induction hypothesis ensures that

p\?¢ n
> > (=) —
(34) i (2)] = ex(z) > (4) 12 dv/n
for all z € U; and
d n
(35) 1u(0)] 2 pi gz > dVin

for all v € Vj.

Moreover, by construction, the set Uy is 2-independent in H. Consequently, the
family 7 = {H(x) : « € Uy} is disjoint and each set H(x) is contained in V(H) \ U.
We claim that if there exists a perfect matching M in Iy, the extension f of fj
produced by mapping z € Uy to v € Ii(v) for all (z,v) € M is a valid embedding
of H into G. The mapping f is clearly a bijection. Moreover, for every e = xy € E(H),
with both z,y ¢ Uy, the mapping fi is such that { fx(x), fx(y)} € E(G). Fore = xy €
E(H) with z € Uy and y ¢ Uy, we have f(z) € Ix(z) = G (fx(H(2))) NV C G(f(y))
and thus {f(x), f(y)} € E(G).

It remains to show that I contains a perfect matching. Set m = |Uy| = |V
and assume that no perfect matching exists. Hall’s theorem implies that there are
sets A C U, and B = Vi, \ I,(A) such that |A| > |I;(A)| = m — |B|. This condition
also implies that I(B) C Uy \ A and thus |I;(B)| < m — |A| < |B|. Moreover, (34)
and (35) imply that |Ix(A)|, |[Ix(B)| > dv/n and thus |A|,|B| > dy/n.

Consider a (disjoint) subfamily X C {fx(H(z)) : = € A} in which every set
has the same cardinality and |X| > |A|/d > /n. Given the fact that |X| > /n
and |B| > \/n, after applying property (iii) from Lemma 6 to X and B C V, we
infer that there must exist a pair (w,X) € B x X with X C G(w)—equivalently,
w € G(fr(H(x))) for x € A such that X = fi(H(z)). In view of (19), this means
that there is an edge in [}, connecting w € B to € A. This contradicts the definition
of B and therefore I, must contain a perfect matching.
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ALGORITHM 1. Embedding graphs with bounded degree—Phase 1.

Input : A graph H with n vertices and A(H) < d and a graph G satisfying

Properties (i)-(iii) from Lemma 6.

Output: A partial embedding fi.: V(H) — V(G).
15+0;
2 while U; is not 2-independent do

3 if 32 € U; such that |I;(z)| < 2¢j(x) then

// H-critical extension

pick = € U; satistying |I;(z)| < 2¢;(x) with the smallest label ;
5 pick v € I;(x) to satisfy the conclusion of Lemma 12 ;

L set fj+13 T =0 ;
d

7 else if 3 v € V; such that |I;(v)| < 55 or |G(v) NVj| < 3% then

// G-critical extension

8 let v € V; be any such vertex ;

9 pick « € I;(v) to satisfy the conclusion of Lemma 13 ;

10 | set fiyiix—vg

11 else

// normal extension

12 let x € U; be the vertex with smallest label ;

13 pick v € I;(x) to satisfy the conclusion of Lemma 12 ;

14 | set fiyiix—vg

15 j—i+1;

REFERENCES

[1] N. ALon, M. CAPALBO, Y. KOHAYAKAWA, V. RODL, A. RUCINSKI, AND E. SZEMEREDI, Univer-
sality and tolerance (extended abstract), in Proceedings of the 41st Annual Symposium on
Foundations of Computer Science, IEEE, Los Alamitos, CA, 2000, pp. 14-21.

[2] N. ALoN, M. CAPALBO, Y. KOHAYAKAWA, V. RODL, A. RUCINSKI, AND E. SZEMEREDI, Near-
optimum universal graphs for graphs with bounded degrees (extended abstract), in Approx-
imation, Randomization, and Combinatorial Optimization (Berkeley, CA, 2001), Lecture
Notes in Comput. Sci. 2129, Springer, Berlin, 2001, pp. 170-180.

[3] N. ALON AND M. CAPALBO, Sparse universal graphs for bounded-degree graphs, Random Struc-
tures Algorithms, 31 (2007), pp. 123-133.

[4] N. ALoN AND M. CAPALBO, Optimal universal graphs with deterministic embedding, in Pro-
ceedings of the 19th Annual ACM-SIAM Symposium on Discrete Algorithms, ACM, New
York, 2008, pp. 373-378.

[5] N. ALON AND Z. FUREDI, Spanning subgraphs of random graphs, Graphs Combin., 8 (1992),
pp. 91-94.

[6] N. ALoN, M. KRIVELEVICH, AND B. SUDAKOV, Embedding nearly-spanning bounded degree trees,
Combinatorica, 27 (2007), pp. 629-644.

(7] J. BaLoGH, B. CsaBa, M. PE1, AND W. SAMOTLI, Large bounded degree trees in expanding
graphs, Electron. J. Combin., 17 (2010).

[8] S. N. BuatT, F. R. K. CHUNG, F. T. LEIGHTON, AND A. L. ROSENBERG, Universal graphs for
bounded-degree trees and planar graphs, STAM J. Discrete Math., 2 (1989), pp. 145-155.

[9] B. BoLLoBAS, Random Graphs, Cambridge Stud. Adv. Math. 73, 2nd ed., Cambridge University
Press, Cambridge, UK, 2001.

[10] M. R. CaraLBO AND S. R. KOSARAJU, Small universal graphs, in Proceedings of the Annual
ACM Symposium on Theory of Computing, ACM, New York, 1999, pp. 741-749.

[11] D. DELLAMONICA, JR., AND Y. KOHAYAKAWA, An algorithmic Friedman-Pippenger theorem on
tree embeddings and applications, Electron. J. Combin., 15 (2008).

[12] P. ERDGS AND A. RENYI, On random matrices, Magyar Tud. Akad. Mat. Kutaté Int. Kozl, 8

(1964), pp. 455-461.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DELLAMONICA, JR., KOHAYAKAWA, RODL, AND RUCINSKI

A. FrRIEZE AND M. KRIVELEVICH, Almost universal graphs, Random Structures Algorithms, 28
(2006), pp. 499-510.

A. HAJNAL AND E. SZEMEREDI, Proof of a conjecture of P. Erdds, in Combinatorial Theory
and Its Applications, II, North-Holland, Amsterdam, 1970, pp. 601-623.

S. JANsoN, T. Luczak, AND A. RUCINSKI, Random Graphs, Wiley-Intersci. Ser. Discrete Math.
Optim., Wiley-Interscience, New York, 2000.

A. JOHANSSON, J. KAHN, AND V. Vu, Factors in random graphs, Random Structures Algo-
rithms, 33 (2008), pp. 1-28.

J. KoMmLOs, G. N. SARKOZY, AND E. SZEMEREDI, An algorithmic version of the blow-up lemma,
Random Structures Algorithms, 12 (1998), pp. 297-312.

O. RIORDAN, Spanning subgraphs of random graphs, Combin. Probab. Comput., 9 (2000),
pp. 125-148.

V. RODL, A. RUCINSKI, AND A. TARAZ, Hypergraph packing and graph embedding, Combin.
Probab. Comput., 8 (1999), pp. 363-376.

V. RODL AND A. RUCINSKI, Perfect matchings in e-regular graphs and the blow-up lemma,
Combinatorica, 19 (1999), pp. 437-452.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


