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Abstract. We we give a polynomial time randomized algorithm that
proves that, for every integer d > 3 and suitable constant C' = Cy4, asn —

. . . o1 1
00, asymptotically almost all graphs with n vertices and |Cn”~ 4 logd n |
edges contain as subgraphs all graphs with n vertices and maximum
degree at most d.

1 Introduction

Given graphs H and G, an embedding of H into GG is an injective edge-
preserving map f: V(H) — V(G), that is, for every e = {u,v} € E(H),
we have f(e) = {f(u), f(v)} € E(G). We shall say that a graph H is
contained in G as a subgraph if there is an embedding of H into G. Given
a family of graphs H, we say that G is universal with respect to H, or
‘H-universal, if every H € H is contained in G as a subgraph.

The construction of sparse universal graphs for various graph families
has received a considerable amount of attention; see, e.g., [T 4U567I8I10]
and the references therein. One is particularly interested in (almost) tight
H-universal graphs, i.e., graphs whose number of vertices is (almost) equal
to maxpgey |V (H)|.

Let d € N be a fixed constant and let H(n,d) = {H C K,, : A(H) <
d} denote the class of (pairwise non-isomorphic) n-vertex graphs with
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maximum degree bounded by d and H(n,n;d) = {H C K, : A(H) < d}
be the corresponding class for balanced bipartite graphs.

By counting all unlabeled d-regular graphs on n vertices one can easily
show that every H(n,d)-universal graph must have

Qn*2) (1)

edges (see [3] for details). This lower bound was almost matched by a
construction from [4], which was subsequently improved in [2] and [I].
Those constructions were designed to achieve a nearly optimal bound and
as such they did not resemble a “typical” graph with the same number of
edges. To pursue this direction, in [3], the #H(n, d)-universality of random
graphs was also investigated.

For random graphs a slightly better lower bound than is known.
Indeed, any H(n, d)-universal graph must contain as a subgraph the union
of Lﬁj vertex-disjoint copies of Kyi1, and, in particular, all but at
most d vertices must each belong to a copy of K4y1. Therefore, recalling
the threshold for the latter property (see, e.g., [I4, Theorem 3.22 (i)]),
we conclude that the expected number of edges needed for the H(n,d)-
universality of G, , must be

2 (n2 /@D log )V (1)) (2)

a quantity bigger than .

We say that G, , possesses a property P asymptotically almost surely
(a.a.s.) if P[Gy, € Pl =1—o0(1). In [3], it was proved that for a suffi-
ciently large constant C"

— (almost spanning universality) G i1z, is a.a.s. H(n, d)-universal if

p= Cn=d logé n;

— (bipartite universality) Gy np is a.a.s. H(n,n,d)-universal if p =

Cn~ 34 logﬁ n.

Note that the first result above deals with embeddings of n-vertex graphs
into random graphs with larger vertex sets, which makes the embedding
somewhat easier. On the other hand, the second result deals with tight
universality at the cost of requiring the graphs to be bipartite and with
a less satisfactory bound.

Those results were improved by the authors in [9I1], where it was
shown that G, p is a.a.s. H(n,n,d)-universal if p = Cn~d log% n, and
Gpp is a.a.s. H(n,d)-universal if p = Cn=3d logi n. In this paper, mak-
ing use of an additional randomization step in the embedding algorithm



involved, we improve the latter result, by establishing a density threshold
for H(n, d)-universality of G, , which matches (up to the log factor) the
best previous bounds for both the bipartite tight universality and the
almost tight universality in the general case.

Theorem 1. Let d > 3 be fixzed and p = p(n) = Cn_élogén for
some sufficiently large constant C. Then the random graph G, , is a.a.s.
H(n, d)-universal.

Observe that there is still a gap between the lower bound and the
upper bound given by Theorem

Remark 1. In Theorem [I] we assume that d > 3 since for d = 2 our proof
would require a few modifications. On the other hand, we feel that the
true bound is much lower. Possibly as low as , which, as proved by
Johannson, Kahn, and Vu [16], is also a threshold for the triangle-factor
in G(n,p). The case d = 2 will be dealt with elsewhere.

This paper is organized as follows. In the next section we describe a
randomized algorithm that seeks, for any H € H(n,d) and any n-vertex
graph G, an embedding f: V(H) — V(G). Crucially, at the beginning
of our algorithm, a collection of pairwise vertex-disjoint d-cliques is sam-
pled from a certain subset of vertices of GG, uniformly at random. This
randomization allows us to verify a Hall-type condition that we use to
embed the final group of vertices. This is formally stated in Lemma [
which is proved in the appendix (Section .

In Section[4] we prove that our algorithm succeeds with high probabil-
ity for every H € H(n,d) when run on Gy, p, as long as p = Cn=id log% n
and C' = (Cy is a large enough constant. Several relevant properties of Gy,
for such a p is singled out in Section [3]

Throughout the paper we will use the following notation. For v € V,
let G(v) denote the neighborhood of the vertex v in G. For T C V| let

G(T)={veV\T: G(v)ﬂT#@}:UueTG(u)\T

denote the neighborhood of the set T'in G. For T' C V, let G[T] denote
the subgraph of G induced by T.

2 The embedding

Let
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be fixed and n = n(d) be a sufficiently large integer. Given an n-vertex
graph G, set V := V(G) and let

V=WURIU---URgp,s, where|R;|=en for alli, (4)

be a fixed partition of V.

Without loss of generality, we will assume that H is a maximal graph
from H(n,d) in the sense that adding any edge to H increases its max-
imum degree beyond d. Since in such a graph the vertices with degrees
smaller than d must form a clique, there are at most d of them.

We set X := V(H) and n := |X|, and fix an integer ¢t = 7n, where

T=2=_—. (5)

In the embedding algorithm we will use the following procedure of pre-
processing H with a given t.

THE PRE-PROCESSING OF H: Select vertices z1,...,z € X in such
a way that they all have degree d and form a 3-independent set in H,
that is every pair of distinct vertices x;,z; is at distance at least four.
(Owing to our choice of ¢, we may find these ¢ vertices by a simple greedy
algorithm.) Let S; = H(z;) for all i = 1,...,¢, and set

Note that by the 3-independence, for all i # j not only S; NS; = (), but
also there is no edge between S; and S; in H, that is, ey (S;, ;) = 0.

Next, consider the square H? of the graph H obtained from H by
adding edges between all pairs of vertices at distance two. Since the max-
imum degree of H? is at most d?, by the Hajnal-Szemerédi Theorem (see
[12]) applied to H?2, there is a partition

X=XjUXpU---UX}p 4,

such that each set X!, 1 <1i < d? + 1, is independent in H?, and thus, 2-
independent in H, and has roughly the same size, that is, || X/|—|X ]’H <1
for all 4,j. (In fact, we apply here an algorithmic version from [I7] (see
also [I8]) which yields a polynomial time algorithm.) Finally, set

Xi:Xg\{xl,...,xt}\Xo, i:1,...,d2—|—1,
and Xg2,o = {z1,...,2:}. Hence, we obtain a partition

X=XoUXjU---UXgp,o, (6)



where, for i = 1,...,d%> + 1, the sets X; are 2-independent and

n n

while X 2,5 is 3-independent, | X2, 5| = t, and X is a (disjoint) union of
the d-element neighborhoods of the vertices in X2 5. (See Figure for an

illustration of this partition.) The numbering of the sets Xo,..., Xs2 9
x1 1 (ST
T2 o (S
X | X | o | Xaga | ©
Lt 0<©5t

Fig. 1. The partition of V(H)

corresponds to the order in which these sets will be embedded into a
graph G by the embedding algorithm.

Another building block of our embedding algorithm is a procedure
which, given a partial embedding f;—1 of H[Xo U --- U X;_41] into G,
constructs an auxiliary graph A; displaying information about current
candidates among selected vertices of G for images of the vertices from
X;.

THE AUXILIARY GRAPH A;: For i = 1,...,d?+2 and a partial embed-
ding f;_1: XoU---UX;_1 — V, let A; be a bipartite graph with classes
Xi and

d?+2
Wi=V\im(fii)\ | B
j=i+1
and the edge set
{(ZL‘,U) e X x Wi @ fiq (H(ZE)) C G(U)} (8)

Observe that A;(x) is the set of all vertices v € W; for which = — v
is a valid extension of the embedding f;_1, while A;(v) is the set of all
vertices x € X; for which v is a valid image.

Since the set X; is independent, the embedding of X; can be done
at once and it corresponds to a matching in A; saturating X;. (The 2-
independence of X;’s will only be used in the analysis of the algorithm



for random-like graphs as inputs.) Note that |Wy2 5| = | X424/, while for
i < d? + 1, the set W; is much bigger than the set X;. Indeed,

Wil =n =3 1X;1 =Y IRl =Xl + Y (1X] = |R;l) = | Xi| +en. (9)

1<t >t 7>
The embedding will be done in d? + 2 rounds split into three phases:

— Phase 1: The sets Si,...,5; are mapped randomly onto disjoint
cliques of G[Vp].

— Phase 2: The sets X;, i = 1,...,d? + 1, are embedded, one by one,
into sets W;.

— Phase 3: The set X ;2 5 is mapped one-to-one onto the set W25 of ¢
remaining vertices of G.

A potential problem for our proposed embedding scheme is that the
candidate set for a given vertex x € X = V(H) may be depleted before we
have a chance to embed z. If that happens, there is no hope to complete
the embedding. Similarly, a vertex v € V = V(G) may lose all of its
neighbors in the auxiliary graph as a result of an unfortunate sequence of
extensions. In other words, v can be excluded from all candidate sets and
thus cannot be used in the embedding. Since we have to use all vertices
of v € V in the embedding, we must prevent this event as well. Our
algorithm incorporates two devices that help to address these problems.

BUFFER VERTICES IN G (USED IN PHASES 2 AND 3). We will make
sure that for each i = 1,...,d% + 2, im(fi—1) N R; = 0 (see line 5| of
Algorithm . This way the vertices of R; will be reserved as a buffer to
help embed the set X;, provided the sets R; will satisfy certain properties
in G — see Section [3])

BUFFER VERTICES IN H (USED IN PHASE 3). Since the neighborhoods
S; of the vertices x; from X2, are embedded during Phase 1, the sets
Ai(v) N Xg240, v € V, remain the same throughout Phase 2. This will
help to ensure the existence of a perfect matching in Az ,o in Phase
3, provided the random choices of f(S;) satisfy certain properties — see
Lemma [4

Now we present our embedding algorithm.



Algorithm 1: The embedding algorithm

Input : A graph H with n vertices and A(H) < d and a graph G together
with a vertex partition .

Output: An embedding f: V(H) — V(G) (or the algorithm fails).

// Phase 1

1 Pre-process H, obtaining a partition X = XoU-U X2, as in @7 where
Xo=51U---USs, Xgzi0= {xl,...,xt}, and H(m]) =S,7=1,...,t.

2 Randomly select from Vj a sequence of pairwise disjoint d-element sets
T,...,T; such that, for each ¢ = 1,...,¢, G[T}] is a clique, with all such
sequences equiprobable.

3 Define a map fo: Xo — Ule T; in such a way that fo(S;) = T; for each

i=1,...1.
// Phase 2
a4 fori=1toi=d>+1do
d?+2
5 Set WZIV\lm(flfﬂ\ U Rj 3
j=i+1
6 Construct the auxiliary bipartite graph A; between the sets X; and W;,
and find therein a matching M; of size |M;| = |X;|.
7 Define the extension f; of fi_1 by setting fi(xz) = v for all x € X;, where
| (z,v) € M;, and fi(z) = fi—i(z) forallz € Xo U -+ U X;_1.

// Phase 3
8 Set Wiz o =V \im(fg2y1) (O Razi2).
9 Construct the auxiliary bipartite graph A;2,, between sets X215 and Wy o,
and find therein a perfect matching Mgz 5.
10 Define the output embedding f by setting f(z) = v for all x € X2 5, where
(z,v) € My2 o, and f(z) = fg2q(x) for all z € X \ Xg2s.

This algorithm finds a desired embedding of H into G as long as it is
successful in lines 2, 6 and 9. The sets S; are embedded into V by uni-
formly sampling a sequence of pairwise disjoint d-subsets T71,...,T: C Vj
such that every set 7; induces a clique in G. Thus, one (trivial) necessary
condition for the success of the algorithm is that G contains at least ¢ dis-
joint cliques K4. Notice that the map fj is an embedding, since the edges
within S; are clearly preserved (G[T;] is a clique), while ey(S;,S;) = 0
holds for all j # i by construction.

Two more demanding conditions are that the auxiliary bipartite graphs
A; from lines 6 and 9 do possess the required matchings. Superficially, we
could have combined the last two phases by including round d? + 2 into
the loop, however we chose not to do so, because of the much more in-
volved analysis of the last round. Indeed, it is a lot harder to prove the
existence of a perfect matching in A,z 5 than the existence of a matching
saturating one side of A; when the other side is much bigger.



It is worth pointing out that the success of Phase 3 relies entirely on
the (random) outcome of Phase 1. The algorithm’s goal in Phase 3 is to
find a perfect matching in the auxiliary bipartite graph A5 (which has
classes X 2,9 and Wy2 o). Recall that the neighborhoods S; = H(x;) of
the vertices x; € X2, 9 are completely embedded in Phase 1. Since fj2.4
is an extension of fy, for each x; € X2, 5 we have fp21(S;) = fo(S5;) =
Tj. This implies that for every v € W2, o, by definition, {x;,v} € Agp o
if and only T; C G(v) if and only if {z;,v} € A;. Thus,

Apyo = A1[Xg2 10 UWaz o). (10)

This observation will be utilized in the analysis of Algorithm [I] in Sec-
tion [

3 Random graphs

In this section we show that a random graph G,, with p = p(n) as
in Theorem |[I| a.a.s. satisfies several properties with respect to the dis-
tribution of edges and cliques. These properties are selected in order to
jointly guarantee tight H(n, d)-universality. More specifically, in Section
we will show that Algorithm [I] is a.a.s. successful on all pairs of input
graphs (H,G), where H € H(n,d) and G satisfies all these properties.
But first we need some more notation.

— Given a graph G, V(G) =V, and a subset of vertices U C V, denote

’ ()

the family of all d-element sets T C V such that the subgraph of G
induced by T is complete, that is, G[T] = K.

— Given a family X = {Ji,..., J,} of pairwise disjoint subsets of V' and
aset U C V,let B= B(X,U) be a bipartite graph with vertex classes
X and Uy := U \ U;_; Ji, where an edge (J;,v) is included whenever
G(v) D J;. Furthermore, let

a(X,U) = |{v € Uy : degg(v) > 1}|.

If all sets J; are singletons, then we write B(Y,U) instead of B(X,U)
and «(Y,U) instead of a(X,U), where Y = |JJ;. Note that in this
special case a(Y,U) = |G(Y)NU|.

— We write a = (1 £ §)b whenever (1 — )b < a < (14 6)b.



— Set

w = C logn. (11)

Let ¢ = e(d) > 0 be as in (3). Set V = [n] and fix a partition

V=VoUR U ---URp,,

satisfying . By ,

Vol = n— (& +2)en > ?jT" (12)

The following lemma, proved in the appendix (Section [5.1]), summarizes
several relevant properties of G, ;.

Lemma 1. For every § > 0, there exists C > 0 such that the random
graph G = Gy, with p > Cn~/4 log"/?n a.a.s. satisfies Properties |(I)|-

below.
(I) (a) ForallyeV,
G (y) Vol = (1 + o(1))p| V-
(b) Forally#y €V,
G(y) N G(y') N Vol = (1 +0(1))p*|Val-
(IT) (a) For allY CV, Y] <ép~t,
IG(Y) N Vo = (1 £20)p[Y]|Vol. (13)
(b) For allY C V with |Y|>wp™! and U C V\'Y with |U| > wp™?,
[BY,U)| = (1£d)p|Y]|U]. (14)
(IT1) (a) For all r < 0p~<, every family X = {Ji,...,J.} of pairwise dis-
joint d-subsets of V', and for every set
Ue{Vo,R1,...,Rp2,V}, we have
a(X,U) = (1 £8)p’r|U|. (15)
(b) For all v > wp™®, every family X = {J1,...,J.} of pairwise dis-

joint d-subsets of V, and U C V \ Ui, J; with |U| > wp~4,

|B(X,U)| = (1+6)pir|U]|. (16)



(IV) Equation

o) o

holds for allU C V such that
(a) U C G(v) for somev €V, and |U| > pn/3, or
(b) U=G(u)NG(v) for some distinct u,v € V, or
() U= |V]/4.
(V) For all v € Vy, the number of d-cliques in G[Vy] containing vertex v

1S
Vo
Ky)|

d
1+0)—
SR

4 The analysis of Algorithm

In this section we prove the following lemma that, together with Lemmal[l]
implies Theorem

Lemma 2. If ¢ and 7 are as in (3)) and , and a graph G on vertex
set V = [n] together with a partition V.= Ry U---URg_ o UV as in
satisfy Properties |(I) from Lemma |1l with 6 = 0.01 and sufficiently
large C, then Algorithm |1l with input G is a.a.s. successful, that is, for
every H € H(n,d) it a.a.s. outputs an embedding of H into G.

As mentioned before, Algorithm [I]is successful if it does not terminate
at lines 2, 6, or 9. To perform line 2 we need at least t disjoint d-cliques in
G[Vo]. This follows from Property |(IV ){(c)| since ¢ < 5on. Lines 6 and 9
rely on the existence of saturating matchings in the auxiliary graphs A;.
The existence of such matchings will follow from the next two lemmas. In
both, we implicitly assume that a fixed graph G satisfies Properties

(V)| from Lemma and that f hold.
Lemma 3. Fori=1,...,d*> +2 and for every Q C X; we have
|4i(Q)] = min{|Q), [W;] — wp™}. (18)

In particular, if |W;| > |X;| + wp™9, then |A;(Q)| > |Q| for all sets
QCX;.

In the next lemma the probability space corresponds to the random
choice of fp.



Lemma 4. The random embedding fo of the sets S;, 1 = 1,...,t, is such
that a.a.s. for every set Y C V, |Y| < §(4p)~4,

1/p\d
> (= .
1AL (Y) N X o] > 2<5) ad (19)

The proof of Lemma |3 is given in appendix (Section , as is the
proof of Lemma (Section, which is much more involved. The follow-
ing corollary of the above two lemmas completes the proof of Lemma

Corollary 1. (i) For eachi=1,...,d*+1, the graph A; has a matching
saturating set X;. (ii) The graph Az o has a perfect matching a.a.s.

Proof. (i) Fix 1 <14 < d? + 1 and recall that

d2+2

wi=V\im(fi)\ | B

j=i+1
and, by (9), that |W;| > |X;| + en. For C sufficiently large, we have en >
C~4*ln = wp=d. Thus, |W;| > | X;| + wp~?, which, by Lemma [3| implies
that |A;(Q)| > |Q] for all Q C X;. Consequently, by Hall’s theorem, there
is a matching in A; covering X;.

(ii) Set h = d? + 2 for convenience. To prove that Aj; has a.a.s. a

perfect matching, recall that, as a consequence of , Ap = A [XpUW).
By Lemma 4 a.a.s. for every Y C W), with |Y| < §(4p)~¢, we have

(see (L19)),
1 d
4] = |4 N X > 5 (B) tIY] = 674w Y], (20)

provided C' is large enough. We claim that the condition above ensures
that there is a perfect matching in Aj. Recall that | X,| = |[W},| = t.
Let Q C Xp. If |Q| < t — wp~? then Lemma [3| implies that |A,(Q)| >
|Q|. Assume then that |Q| > t — wp~@ + 1 (for simplicity, we assume
that wp~? is an integer), and suppose, for the sake of contradiction, that
|An(Q)| < |Q| — 1, equivalently, that |Wj \ An(Q)| > t — |Q| + 1. If
Wi\ An(Q)| < d(4p)~9, take Y = Wy \ Ax(Q). Otherwise, take any
Y C Wi\ An(Q) with |Y| = §(4p)~. By (20),

|A,(Y)| > 6 4w Y| >t —|Q| +1, (21)

where the last inequality is clear if Y = h\ A,(Q), while otherwise we ar-
gue, using the definition of Y and our assumption on |@Q|, that 6 14%w |Y| =
wp~? > t—|Q|+1. Inequality contradicts the fact that A, (Y)NQ = 0.
Therefore, |Ay(Q)| > |Q)] for all Q C X}, and Hall’s condition guarantees
the existence of a perfect matching in Ay,. O
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5 Appendix

5.1 Proof of Lemma 1]

Properties [(Df(a)] and [(8)] follow easily from the Chernoff bound.

(IT)(a): Note that B(Y,Vp) is a bipartite random graph with vertex
classes Y and Vj \ Y and edge probability p. We will establishing Prop-
erty [(IT)[(a)| by counting how many vertices of V \ Y are not isolated in
B(Y, ).

For each v € V() \ Y, let I, denote the indicator random variable of the
event degg(v) > 1. Set y = |Y| and notice that [, is a Bernoulli random
variable with expectation

q=1-(1-p)¥=(1=%6)yp,

where the last equation follows from the inequality 1 4+ = < €%, provided
p = o(1). Also notice that the variables {I, : v € V, \ Y} are mutually
independent. Therefore the distribution of

X = Hvevo\y . degp(v) > 1}’

is binomial with parameters [Vy \ Y| = (1 + o(1))|Vo| and ¢. The expec-
tation of X is therefore

(1+0(1))(1 £ 0)y[Volp-

By the Chernoff bound, we thus have X = (1+26)y|Vy|p with probability
at least
1 — exp{—cnyp}
for some ¢ = ¢(§) > 0 (recall that [Vp| > 3n).
On the other hand, the number of choices of the set Y is less than nY.
Consequently, the probability Property (a) fails for G, p is at most

> n¥exp{—cnyp} = o(1)

y=>1

because cnp is of a much bigger order than logn.

(IT)(b)f Here we are just counting the edges of the bipartite graph
B(Y,U) defined above. Setting, y = |Y| and u = |U|, the expected number
of edges in B is yup. Hence, again by the Chernoff bound, the probability

that Property [(II)(b)| fails for Gy, is at most
> ¥t exp{—cyup} = o(1)
u

Y



for C' > 0 large enough, because yp > w and up > w.

(TIID}(a)] and [(8)F These proofs go mutatis mutandis along the lines
of the proofs of [[TD}(a)] and [(IT)}(5)], respectively. The only differences are
that the edge probability in B is p? and, in part (a), the set U, besides
Vo, could also be equal to V' as well as to one of the sets R; of size en.
Therefore, the Chernoff constant ¢ = ¢(d,¢) depends also on €. Note that
for C' large enough, cnp® = cC%logn is still sufficiently bigger than logn.

Let X := X(d, m,p) be a random variable counting the number
of copies of K4 in Gy, for some m < n and p = p(m). Let 6 > 0 be a
fixed small constant. From the results of [I3] and [I5, Corollary 1.7], it
follows that

P[|X — EX| > 6 EX] < exp{—¢(d,d) m*p* '}, (22)

provided p > m~2/(d-1),

[(a)k For v € V, expose the random neighborhood G(v). Let us condi-
tion on |G(v)| < 1.01pn (which is an event occurring with probability at
least 1 — e=@®). For any U C G(v), m = |U| > pn/3, the graph G[U]
is an instance of G, ,. In particular, the assumption on p is satisfied and
the bound applies to the random variable X = ( l((]d)‘ Moreover, there
are fewer than n2501P" < 2P choices for v and the set U C G(v). In
view of and the fact that pn = o(m?p?~!), the union bound yields
that with probability

1— e 00 2 expl—c(6,d) m?*p?~1} =1 - o(1)

the equation holds for all v € V and all U C G(v), m = |U| > pn/3.

@ For distinct u,v € V', expose the random common neighborhood
U = G(u) NG(v) C V. Since a.a.s. [U| = (1 + o(1))p*n, we condition
on m = U] > 0.99p?n. As p > m~2/(¢=1 we apply to the random
variable X = ( [((]d). It follows by the union bound that for all choices of
distinct u, v, the set U = G(u) N G(v) satisfies (L7).

This can be established by the union bound over all large subsets
U C V using the exponential bound given by .

[(V)k By [Tl(a) a.a.s. every v € V is such that |G(v) N Vp| = (1 +
o(1))p |Vb|. Hence, applying |(IV [ a)[to U = G(v) NV with d — 1 in place
of d yields

<G(;()dml%> — (1t o(1))p) ((1 + Z(i)ip IVo!>

— (o) ()

where for the last equality we used |(IV )(¢) applied to U = V4. 0




5.2 Proof of Lemma [3]

Since X; is 2-independent, the neighborhoods H(x) are disjoint for all
x € X;. Let ky = |fi—1(H(z))|. To unify our approach, for each z with
ky < d we find a set D, C im(f;—1) such that fi_1(H(z)) C Dy and all
D, are pairwise disjoint. Define a subgraph A C A; by replacing H(x)
with D, in , that is

A; ={(z,v) : fiz1(Dz) C G(v)}. (23)

Clearly, for every Q C X; we have [A4;(Q)] > |Af(Q)], and so, it suffices
to prove for AY. For the ease of notation we will write A; instead of
A,

The proof is split into two cases according to whether @ is small
(1Q| < wp™@) or large (|Q| > wp~?). First consider the case when Q is

small, and let Q' C @ be an arbitrary subset with
4|Q|

|Q/| = min{ép_d, ‘Q|} > o (24)

Notice that

|4;(QN| > |A:(Q)NR;| = ‘{w €R; : G(w) D fi—1(D,) for some x € Q'}‘.
(25)

Applying Property [(III)(a) to X = {fi-1(Dz) : * € Q'} and U = R;
yields that the cardinality of the last set in the above inequality is at least
(1 —26)p?|R;||Q’|. In particular, for C' large enough, we have

.
[4:(Q) > [Ai(Q)] = (1= 20)ep™n|Q'| > 6 w Q| > Q.
Consequently, holds when @ is small.
When Q is large, that is, |Q| > wp™@ set U = W; \ 4;(Q) and suppose
that |U| > wp~@. Then, by Property [(III)}(b), there is an edge in A;
between @ and U, a contradiction. Thus |U| < wp™® which establishes

) 0

5.3 Proof of Lemma [4]

Our goal is to prove that a.a.s. the random embedding f; satisfies
for all Y C V with |Y| < §(4p)~%. Recall that the images fy(S;) are
created by randomly selecting from Vj pairwise disjoint d-sets k1, ..., K¢,
each inducing a clique in G, and then define fy in any way that satisfies



fo(Si) = k; for all i. Let {2 be the space of all possible sequences kK =

(m, ey mt). A sequence k is sampled from {2 by first selecting a d-set
k1 uniformly from (I‘g), and selecting each subsequent x;, ¢ = 2,...,t,

uniformly from

(VO VUi m) |

Kq
Fix
m < 6(4p) 1 (26)
and set
a= p(g) and M =ma«a (pr;/4> (27)

From now on we will focus on a fixed set
Y C V with |Y|=m, (28)

and define a random variable Cy = |A1(Y) N X2, 9|. Observe that

Cy = |{zi : fo(H(x;)) C G(y) for some y € Y }|

(29)
— HZ € [t] : ki C G(y) for some y € Y}}

We will ultimately show that in the random model described above,
the inequality

Cy > l(g)dtm (30)

fails with such a small probability that the union bound can be applied
over all possible choices for Y still yielding a failure probability o(1).
Consequently, a.a.s. will hold for all choices of Y and thus Lemma
will follow.

In view of , we are interested in estimating how many d-sets k;
are contained in the neighborhood G(y) of some y € Y. To this end, we

introduce two families of d-cliques. For each ¢ = 1,...,¢, given disjoint
d-cliques k1, ..., K;_1, define
G(y) NV g
Fy (k.. ki) = | <( ) ;()\Ujl j>‘ (31)
yey d
Note that



Now, define a family Ay (k1,...,K;—1) as follows. Let
N = |fy(f€1, ce 7"%—1)‘-

If N > M then set Ay (k1,...,Ki—1) = Fy(K1,--.,ki—1), otherwise let
Ay (K1,...,Ki—1) be an enlargement of the family Fy (k1,...,ki—1) with
exactly M elements, each being a vertex set of a copy of K;—for con-
creteness we can select the M — N lexicographically smalleslﬁ elements

from i—1
Vo \UjZ1 i
< O\U]_1“> \ Fy (K1, Ki1)-
Ky

Observe that because of Property [IV)[(c)] our choice of ¢ in (5]), and by
(26) and @7,

(U2 R A ) B ) B

d d d!
n/4)¢ 9) n/4\ &9
= ozp_dM 9 s tad?m pn/ 9 M.
d! d
(32)
Consequently, we can always construct a family Ay (k1,...,Ki—1).
Unlike the families Fy (k1,...,Ki—1), the families Ay (k1,...,kKi—1)
have a uniform lower bound of M for their cardinalities. Thus, we are
in position to use Proposition 1] in our analysis of Ay (k1,...,Ki—1). In

Claimbelow we will show that a.a.s. Ay (k1,...,ki—1) = Fy (K1, ..., Ki—1)
for all Y, which will allow us to apply the conclusions of that analysis to
F.
Let
A, = 1[/61' € .AY(K,l, ceey /{ifl)].

Notice that, again by Property |(IV }(c)i

Ay(/ﬂ Hz’—l) M P\ 4
PlA; = 1| k.. k] = AR > > ().
i =1, i (P T (L d)a(y) "5
Kq
Since a sequence of d-sets (K1, . .., k;—1) determines the values of Ay, ..., A;_1,

the above inequality implies that for all i =1,... ¢,

p d
P[AZ =1 ‘ Al,AQ,...,AZ'_l] > q1, where q1 = ql(m) = m(7> .

* Recall that the vertex set V = [n] has a natural linear order.



Let A =!_, A;. Proposition (a) from Section [5.4] implies that
P[A < tq1/2] < exp{—citq1} (34)

for some constant ¢; > 0.

Define Z = G(Y) N Vp and let s = |Z|. Note that x; might inter-
sect Z and not be contained in Ay (k1,...,k;—1). Since the k;’s must be
disjoint, this might effectively reduce the number of choices for ;11 in
Ay(l{l, ceey K,Z').

To deal with this potential difficulty we introduce another random
variable B to keep track of how many vertices of Z are “consumed” by
the sequence k. Let

BZ'ZI[HZ‘QZ#@]

and

By Property |(V)|it follows that

ds N (35)

P[Bi =1 | Bl,...,Bz;l] < (1—1—5)@

. ‘ (VO \UiZ Hi)

K,

(1)

i—1
Vo \ | mil = Vol = (i = 1)d > Vo] — td.
j=1

Note that

By our choice of 7, using the Bernoulli inequality, we may ensure that

td \¢ 8 19
1——) >1-— >22
Vol 3d2 = 27

as d > 3. Thus, applying Property (IV) to both, Vy and V) \ U;;ll Ki,
we conclude that the R-H-S of 1s at most

d —d
(14 0)ds|Vp|* ds (1 td> < 6)4ds§ 2ds

S B By L M5 2 g,
Wol(Vol —ta ~ T ™ Wl 19 S T

for ¢ small enough. Consequently, Proposition (b) from Section im-
plies that
P[B > 3dst/n] < exp{—cadst/n} (36)



for a constant co > 0. By and
P[A <tqi/2 or B > 3dst/n] < exp{—citq1} + exp{—cadst/n}. (37)

As it follows from the next (deterministic) claim, the second term on the
R-H-S of is much smaller than the first one.

Claim.

qin = o(s)
Proof. First consider the case when m = |Y| < wp~!. Let Y/ C Y be
an arbitrary set of size |Y’| = min{m,d/p}. Observe that |Y’| > ‘%m. By

Property |(IT)(a)| applied to Y’ we have

s = |GY') N Vol = (1 —20)p Vol [Y]

pn|Y'| _ dpnm (p
> £
> 2 T 2w > )

d
) mn = qn.

Hence, if m < wp™!, it follows that ¢1n = o(s).

Now suppose that m = |Y| > wp™ and let U = V; \ (G(Y)UY). As
B(Y,U) = 0, in order not to contradict Property |(II)}(b), we must have
U] < wp! = o(n). Since [U] > Vo| — || - |Y], by 20)

s =12 = [Vo| =m —wp™ = O(n),

for C' large enough. On the other hand, ¢, = m(p/5)¢ < (5%)~! = o(1).
Hence, again, ¢in = o(s). O

As a consequence of the above claim and ,
P[A <tq1/2 or B > 3dst/n| < 2exp{—citq1}. (38)

Our next deterministic claim shows that when B is small, the families
Ay (K1, ..., ki—1) and Fy (K1, ..., ki—1) coincide.

Claim. Suppose that K = (ki1,...,kt) € §2 is such that B = B(k) <
3dst/n. Then

Ay (K1, .., ki—1) = Fy (K1, ..., ki—1) for alli =0,1,...,¢. (39)

In particular, there are A = A(k) indices i1,...,is € [t] such that for
each j =1,..., A, we have x;; C G(y;) for some y; € Y.



Proof. Let W = Z N |J'_, #i and observe that [W| < td as well as
t
IW| < Bd < 3d>>. (40)
n

Let
Y={yeY : |Gly)nW|>pn/3}.

We will now prove that
4
Y| < —|W|. 41
V< W (a1)
Let Y C Y’ be an arbitrary set with
V| = min{|Y], 8/p}. (42)

Set )
T={weW : |Gw)NnY|>2}

and observe that by Properties [II(a)] and [(0)} and the definition of T,

(1=20)p|Y| Vol <IG(Y) N Vol <|T|+e(Y, o\ T)
<e(Y,Vo)—e(Y,T) +|T| (43)
< (1420)p Y] [Vo| —e(Y,T)/2.

It follows that e(Y,T) < 46pn |Y|. Since every vertex v € Y has at least
pn/3 neighbors in W,

- 1 -
W) > |¥|pn(5 —48) = B (44)
and consequently, due to our choice of 7,
- 4 4
Y| < —|W|<—td < §/p.
pn pn

From the definition of Y (see ([“2))) we thus have Y =Y, and follows
immediately from .

By (A1) and (@0),
(41) (40)
v D A @A et s s,
pn pn n 2pn

On the other hand, by Property [(II}(a)} for every y € Y’

|G(y) N Vol < (1+26)p[Vo| < 2pn



and thus
s=|G(Y)N V| < 2pnm.
Consequently,
[Y'| < 8d*rm. (45)

We are now ready to conclude the proof of Claim [5.3] Recall that
d
= Y| <6(4p)~, |Vo| > 2n, and o :p(2). By (31)) and the Bonferroni
inequality, for every 1,

— | Fy (K1, Ric)] > UY <(G(y) f;{‘f) \ W>
>y§; < OVO)\WS y#%y <(G(y)ﬂG(Iy(’jm%)\W>'
T e g (e

For y € Y \ Y’, Property yields that
[(G(y)MVo\W| = |G(y)NVol =[G (y)nW| = (1+0(1))p [Vo|—pn/3 > pn/3.
while for y # ¢’ € Y, Property yields that
G(y) NG(Y) N Vol = 1+ o(1)p?|Vo| < p?n.
Moreover, by and ,

Y \Y'| > (1 —8d)m

l\DM—A

Consequently, by Properties |(IV)f(a) and @, and by , we obtain

veavan{5o(")%) - (3)e(7)}

> (1+0(1)) 57 { (on/3)" — (mp™)(pr)"} (46)
> ma(pT;/él) =M.

It follows from the definition of Ay (k1,...,k;) and that
holds. Thus, by definition, there are A indices 41,...,ia such that r;; €



Ay (K1,...,ki;—1) for all j =1,..., A. Because of and (31)), for each
7=1,...,A, we have

ki, € Fy (1, okip-1) € | <G[g)>

yey
Hence, k;; C G(y;) for some y; € Y. Therefore the claim is proved. O

In view of , with probability at least 1 — 2exp{—citq;}, we have
A > tq/2 and B < 3dst/n. Hence, by our last claim, with such a prob-
ability, the number of sets k; = f(.5;) contained in some neighborhood
G(y),yeY,is
- Y
- 2 2 \5

In other words, with probability at least 1 — 2exp{—citq;} the random
embedding fj satisfies for a fixed set Y (see (28))). We will now finish
the proof of Lemma [4] by using the union bound.

For a fixed m < 6(4p)~¢, the probability that there is some Y C V,
|Y'| = m, which fails to satisfy is at most

(n>2 exp{—cstmp?} < 2exp{m(logn — c3eC?)}<2n72, (47)
m

for C' large enough, where c3 = ¢;/3% Hence, the probability that
fails for some Y with |Y| = m < §(4p)~¢ = o(n) is o(n x n=2) = o(1).
This completes the proof of Lemma [d]

5.4 A probabilistic lemma

Here we prove an auxiliary probabilistic lemma needed for the proof of
Lemma [4

Proposition 1. Let Xy,...,X; be a sequence of Bernoulli random vari-
ables, X = Z§:1 X, 6 >0, and q1,q2 € [0,1].

(a) If for alli=1,...,t
PX;=1[Xy,....,X1] > ¢,

then
PX < (1-0)tq] < exp{—citq1} (48)

for some ¢1 = ¢1(6) > 0.



(b) If foralli=1,...,t
PX;=1|Xq,...,X; 1] < o,

then
PX > (14 0)tq] < exp{—catqa} (49)
for some ca = c2(6) > 0.
Proof. Let Yq,...,Y; bei.i.d. random variables with uniform distribution
over the unit interval [0,1]. In addition, we assume that Yi,...,Y; are

jointly independent of Xy,...,X;. For any 2 < k <t and (by,...,bp_1) €
{0,1}*=1, denote
p(bl, . '7bk—l) = P[Xk =1 ‘ Xl = bl, e 7Xk—1 = bk—l]'
(For completeness, define p(A) = P[X; = 1], where ) is the empty string.)
Notice that p(-) > ¢1 by assumption (a) and p(-) < g2 by assumption (b).
To prove part (a), for each 1 < k <t set
Zk = I[Xk = 1] . ]_[Yk S ql/p(Xl, N an—l)]-
It is clear that Zj; < X for every k. Moreover, we claim that
P[Zkzl |Zl,---,Zk—1]=CI1' (50)
Indeed, since Zi,...,Zy_1 are determined by {X;,Y; : 1 <i <k —1}
and Yq,...,Y,; are independent, it is enough to prove that
P[Zk =1 ‘ Xl, ce 7Xk71] =4dqq1.
For a fixed b € {0,1}*7! denoting & = {X; = b1,...,Xp_1 = bp_1}, we
have
P[Z=1|& =p(b,...,bp—1) - P[Yx < q1/p(b1,...,bx-1)] = q1, (51)

which proves . Note that equation implies that Zq,...,Z; are
i.i.d. 0-1 random variables, and consequently, Z = 22:1 Zy, is a binomial
random variable with parameters ¢ and ¢; and such that Z < X. Inequality
is derived from the Chernoff bound applied to Z.

To establish part (b) one defines the variables Zj, by

1—¢q
L —p(Xg,. ., Xg1)
and shows an analog of . Consequently, Z = 2221 Zy, is a binomial

random variable with parameters ¢ and ¢o and such that Z > X. Inequality
follows, again, by the Chernoff bound applied to Z.

Zk:]_ Xk:1OI'YkZ
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